
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 351, Number 10, Pages 4127–4171
S 0002-9947(99)02313-2
Article electronically published on July 1, 1999

NORM ESTIMATES AND REPRESENTATIONS FOR
CALDERÓN-ZYGMUND OPERATORS USING

AVERAGES OVER STARLIKE SETS

DAVID K. WATSON AND RICHARD L. WHEEDEN

Abstract. We show that homogeneous singular integrals may be represented
in terms of averages over starlike sets. This permits us to use the geometry of
starlike sets to derive operator-specific weighted norm inequalities.

1. Introduction and main results

Homogeneous singular integrals on Rd, d ≥ 2, are given by

TΩf(x) = p.v.
∫
Rd

f(x− y)
Ω(y)
|y|d dy,

where Ω is homogeneous of degree 0 and integrable on the unit sphere Sd−1, with
integral 0. We may associate with this operator a set S = S(Ω) defined by

S =
{
x : |Ω(x)|/|x|d ≥ 1

}
=
{
x : x = rθ, θ ∈ Sd−1, 0 ≤ r ≤ |Ω(θ)|1/d

}
.

The set S is starlike with respect to the origin, and using polar coordinates shows
that |S| = 1

d

∫
Sd−1

|Ω(θ)|dθ, so that |S| < ∞ iff Ω ∈ L1(Sd−1). In this paper we

derive a new representation for TΩ in terms of averages over dilates of S. We
then use this representation to derive weighted norm inequalities for TΩ, with the
geometry of S being used to describe the weights.

In order to describe the representation, for t > 0 let tS = {tx : x ∈ S} and define
averages

Atf(x) =
1
td

∫
tS

f(x− y) sgnΩ(y)dy

=
∫
S

f(x− ty) sgnΩ(y)dy,

where sgn Ω(y) is the complex sign of Ω, i.e., sgnΩ(y) = Ω(y)/|Ω(y)| when Ω(y) 6=
0,∞. We arbitrarily define sgnΩ(y) to be 0 if Ω(y) = 0 or ∞, since this can be
seen to have no effect on any of our formulas.

Our representation formula is contained in the following result.
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Theorem 1.1. Either let Ω be odd with Ω ∈ L1(Sd−1), or else let Ω have integral
0 on Sd−1 with Ω ∈ L logL(Sd−1), i.e.,

‖Ω ‖L log L(Sd−1) =
∫

Sd−1

|Ω(θ)|(1 + log+ |Ω(θ)|)dθ <∞.

Then the integral
∫∞
0
Atf(x)dt/t = lim

ε→0
R→∞

∫ R

ε
Atf(x)dt/t converges absolutely for all

x ∈ Rd, uniformly in x, whenever f, f̂ ∈ L1(Rd) (in particular when f ∈ S, the
Schwartz class of smooth, rapidly decreasing functions on Rd). The integral also
converges in L2(Rd) for f ∈ L2(Rd) and defines a bounded operator on L2.

Furthermore, if Ω is odd and Ω ∈ L1(Sd−1), then

TΩf(x) = d

∫ ∞

0

Atf(x)
dt

t
,(1.1)

and if Ω has integral 0 on Sd−1 and Ω ∈ L logL(Sd−1), then

TΩf(x) = cΩ · f(x) + d

∫ ∞

0

Atf(x)
dt

t
,(1.2)

where cΩ = 1
d

∫
Sd−1

Ω(θ) log |Ω(θ)|dθ. The identities (1.1) and (1.2) are valid in the

sense of convergence in L2 for f ∈ L2. Also, if f , f̂ ∈ L1(Rd), then (1.1) holds
pointwise for all x ∈ Rd and (1.2) holds pointwise almost everywhere, and (1.2)
can be made to hold pointwise for all x ∈ Rd by redefining f on a set of measure 0
so as to be continuous everywhere (which we can do since f̂ ∈ L1).

The requirements for the representation formulas (1.1) and (1.2) are the same
minimal conditions of the method of rotations [CZ]. The representation (1.2) proves
to be useful for obtaining weighted norm inequalities, particularly so when Ω is
unbounded.

Let ρ be the boundary function of S, i.e. ρ(θ) = |Ω(θ)|1/d. As motivation for
the theorem, let us proceed formally to write∫ ∞

0

Atf(x)
dt

t
=
∫

Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

∫ ∞

0

f(x− trθ)
dt

t
rd−1dr dθ

=
∫

Sd−1

sgnΩ(θ)

(∫ ρ(θ)

0

rd−1dr

)(∫ ∞

0

f(x− tθ)
dt

t

)
dθ

=
1
d

∫
Sd−1

∫ ∞

0

f(x− tθ)Ω(θ)
dt

t
dθ

=
1
d
TΩf(x),

with the second line arising by an unjustified interchange of the t and r integrals,
followed by a change of variables in the t integral so that it is independent of r.
While (1.2) shows that this formula cannot always hold, it is correct if f ∈ C∞0
and x is outside the support of f . To see this, let B be an upper bound for |f |
and let 0 < δ < R < ∞ be such that supp f ⊆ { y : δ < |x − y| < R }. Then the
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integral obtained by bringing absolute values inside the above integral converges,
being bounded by∫

Sd−1

∫ ρ(θ)

0

rd−1

∫ ∞

0

Bχ{δ < tr < R}dt
t
dr dθ = B|S| ln(R/δ),

so the formal operations in the preceding argument are justified.
The proof of Theorem 1.1 can be used to show that the operation mapping f

into the integral
∫∞
0
Atf(x)dt/t can be represented as convolution with a tempered

distribution which is homogeneous of degree −d, and the preceding argument shows
that this distribution can only differ from the kernel of 1

dTΩ by a point distribution
at {0}. We see that by (1.2) the point distribution may in fact be a nonzero multiple
of the Dirac measure.

When Ω ∈ L logL(Sd−1) with integral 0, we will use the representation (1.2)
to prove weighted norm inequalities for TΩ. The weights can be described fairly
precisely in terms of a covering of S by rectangles centered at the origin. A similar
idea was used in [CWW] for fractional integral and maximal operators associated
with a starlike set. We shall also give examples which show that in many cases the
sufficient conditions are very close to being necessary.

These weighted inequalities are initially described in terms of a sequence of aux-
iliary operators whose description requires the following. Decompose the boundary
function ρ = |Ω|1/d at heights 2m, m ≥ 0, letting

Θ0 =
{
θ ∈ Sd−1 : ρ(θ) ≤ 1

}
,

Θm =
{
θ ∈ Sd−1 : 2m−1 < ρ(θ) ≤ 2m

}
, m > 0.

Let Sm be the starlike set whose boundary function is the restriction of ρ to Θm,
so that S is the disjoint (except for the origin ) union of

{
Sm

}∞
m=0

. Let Am
t be

obtained from At by replacing S by Sm, that is,

Am
t f(x) =

1
td

∫
tSm

f(x− y) sgnΩ(y)dy.

The auxiliary operators we will need are given by

Gjf(x) =
∞∑

m=0

∫ 2j+(N−1)m

2j−m−1
Am

t f(x)
dt

t
,(1.3)

where N is a large integer which will vary with use. It is important to note that
the operators Gj are given by convolution with functions gj which scale by dilation,
i.e., gj(x) = 2−djg0(2−jx), and we will see (following (2.28)) that these functions
are integrable, so that the operators Gj are well-defined.

We will use the operators Gj in our main result, which will be the basis for the
remaining results of this section. As is customary, if 1 < p <∞, we use Ap to refer
to Muckenhoupt’s family of weights w for which there is some constant C so that 1

|Q|
∫
Q

w(x)dx

1/p 1
|Q|

∫
Q

w(x)−p′/pdx

1/p′

≤ C

for all cubes Q, where (here and throughout the paper) 1/p+ 1/p′ = 1.



4130 D. K. WATSON AND R. L. WHEEDEN

Theorem 1.2. Let Ω ∈ L logL(Sd−1) with integral 0. For 1 < p < ∞, suppose
that w ∈ Ap and that the square inequality

‖ {∑
j

|Gjfj|2
}1/2 ‖p,w ≤ Cp,w‖

{∑
j

|fj|2
}1/2 ‖p,w(1.4)

holds for a sufficiently large N depending on p and w. Then for f ∈ S,

‖TΩf ‖p,w ≤ C′p,w‖ f ‖p,w

so that TΩ extends to a bounded operator on Lp(w).

This result will be proven in §2 using a Littlewood-Paley decomposition. We
shall discuss partial two-weight analogues of Theorem 1.2 in §5. This is our most
general theorem. The square inequality requirement (1.4) might appear difficult to
verify, but the remainder of §2 is devoted to deriving conditions on w for which
it holds. In §3 we will give examples which show that some of these sufficient
conditions are very close to being necessary, which indicates how broad a result
Theorem 1.2 is.

In order to formulate cases in which (1.4) holds, we will use the geometry as-
sociated with S together with some results from [CWW] to derive appropriate
conditions on w. These conditions are stated in terms of a collection of rectan-
gles {Rm,k} centered at the origin with orientations chosen so that S is covered by⋃

m,k Rm,k in an efficient manner. Here, m ≥ 0 and 1 ≤ k < km for km possibly in-
finite. The index m measures the longest edgelength of the rectangles; specifically,
the longest side of each Rm,k has length approximately 2m. The other significant
property of the starlike cover is that for each m ≥ 0, the set

⋃
k Rm,k contains Sm

and has measure ≤ C|Sm| for C independent of m. We call the collection {Rm,k} a
stratified starlike cover of S. A more precise definition and the construction of such
a cover will be given in section 4. For a given rectangle Rm,k, we will use B(Rm,k)
to denote the collection of translates and dilates of Rm,k, so that B(Rm,k) consists
of all rectangles with the same orientation and eccentricity as Rm,k.

We shall prove the following result.

Theorem 1.3. Let 1 < p < ∞ and let Ω ∈ L logL(Sd−1). Let {Rm,k} be a
stratified starlike cover of the set S = S(Ω) = {rθ : 0 ≤ r ≤ |Ω(θ)|1/d, θ ∈ Sd−1}.
If w satisfies  1

|R|
∫
R

w(x)dx

1/p 1
|R|

∫
R

w(x)−p′/pdx

1/p′

≤ c(1.5)

for R ∈ B(Rm,k) for all k and m, with c independent of R, k and m, then (1.4)
holds. If in addition Ω has integral 0 over Sd−1, then the corresponding singular
integral operator TΩ satisfies

‖TΩf ‖p,w ≤ C‖Ω ‖L log L(Sd−1)‖ f ‖p,w(1.6)

for f ∈ S, with C independent of Ω and f .

In particular, we conclude that TΩ is bounded on Lp for 1 < p < ∞ because
(1.5) holds trivially for w = 1, so we therefore recover the conclusion of the even
kernel case of the method of rotations.

Theorem 1.3 does not specifically require w ∈ Ap, but this is automatic from
the assumption (1.5) by fixing a rectangle Rm,k and observing that we may include
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every cube Q in a rectangle R ∈ B(Rm,k) in such a way as to keep the ratio |Q|/|R|
fixed.

We will also prove two more general results. The first of these concerns the case
p = 2 and can be stated as follows.

Theorem 1.4. For Ω ∈ L logL(Sd−1), let {Rm,k} be a stratified starlike cover of
S(Ω), and let w satisfy the following estimate for p = 2: 1

|R|
∫
R

w(x)dx

1/p 1
|R|

∫
R

w(x)−p′/pdx

1/p′

≤ cm,k

|Rm,k|(1.7)

for R ∈ B(Rm,k) for all k and m. Then (1.4) holds for p = 2 if∑
m,k

(m+ 1)cm,k <∞.(1.8)

If in addition Ω has integral 0 over Sd−1, then the corresponding singular integral
operator TΩ satisfies (1.6) for p = 2 and f ∈ S.

We will show in §4 that if cm,k is a fixed multiple of |Rm,k|, then (1.8) will be
a corollary of the fact that Ω ∈ L logL(Sd−1), so that Theorem 1.4 includes the
p = 2 case of Theorem 1.3. The next result of this section says that we need only
a slight strengthening of (1.7) to extend the above result to p 6= 2.

Theorem 1.5. Suppose Ω ∈ L logL(Sd−1) has integral 0, 1 < p < ∞, and that
{Rm,k} is a stratified starlike cover of S(Ω). Let r > 1 and suppose that 1

|R|
∫
R

w

1/p 1
|R|

∫
R

w−rp′/p

1/rp′

≤ cm,k

|Rm,k| if 1 < p ≤ 2, or(1.9)

 1
|R|

∫
R

wr

1/rp 1
|R|

∫
R

w−p′/p

1/p′

≤ cm,k

|Rm,k| if 2 ≤ p <∞,(1.10)

for all k, m and all R ∈ B(Rm,k), and that the constants cm,k satisfy (1.8). Then
(1.4) and consequently (1.6) hold for f ∈ S.

As we shall see, Theorem 1.5 includes all of Theorem 1.3. For p = 2 and r >
1, either of the conditions (1.9), (1.10) is stronger than (1.7), and consequently
Theorem 1.4 is a better result than Theorem 1.5 for the case p = 2.

The following shows that Theorem 1.2 recovers and extends two fairly basic older
results.

Theorem 1.6. (A) Let 1 < r ≤ ∞, and suppose that Ω ∈ Lr(Sd−1) and that Ω
has integral 0 on Sd−1. Then (1.4) holds for all N , and hence TΩ is bounded on
Lp(w), in the following cases:

(1) r′ ≤ p <∞, p 6= 1, and w ∈ Ap/r′ ,
(2) 1 < p ≤ r, p 6= ∞, and w−p′/p ∈ Ap′/r′ , or
(3) 1 < p <∞, and wr′ ∈ Ap.
(B) Suppose Ω ∈ L logL(Sd−1) has integral 0, 1 < p < ∞, and w(x) = |x|β for

−1 < β < p− 1. Then (1.4) holds for all N and hence TΩ is bounded on Lp(w).
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The weighted norm bounds in part (A) of this theorem were first proven for
general r in [KW1], under the stronger assumption that Ω also satisfies an Lr-
Dini smoothness condition. In [W1], this smoothness condition was shown to be
unnecessary by an argument using Fourier transform decay estimates to substitute
for smoothness. Other proofs of the weighted inequalities in (A) are also given in
[D], [W4]. The norm inequalities in part (B) of Theorem 1.6 were proven in [MW],
and the range of β was shown to be sharp in [KW2].

Having stated our main results, let us outline the remainder of the paper. We will
prove Theorems 1.1 and 1.2 in the next section. In §3 we will give some motivation
for Theorems 1.3–1.5 by showing that the sufficient conditions are close to being
necessary, and we will give the proofs of Theorems 1.3–1.6 in §4. Finally, in the last
section, §5, we will give assorted results that did not fit naturally into the previous
sections. Some of these results involve two-weight inequalities which we have only
been able to show if p ≥ 2 or if we require a greater degree of integrability of Ω. We
will also give another proof of part (A) of Theorem 1.6 which only uses the methods
of this paper, as opposed to the proof given in §4, which uses some advanced results
of [W4]. Lastly, §5 will show how the singular integral results of this paper also
lead to corresponding results for the associated starlike maximal operator

MSf(x) = sup
t>0

t−dχ
tS
∗ |f |(x).(1.11)

Some of these maximal operator results are different from those obtained in [CWW].

2. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Note that for each t > 0 the operator At is given by con-
volution with the function at(·) = t−dχ

tS
(·) sgnΩ(·), which satisfies ‖ at ‖1 ≤ |S|.

Consequently, |ât(ξ)| ≤ |S| for all ξ and we can write

Atf(x) = (âtf̂)∨(x) =
∫
Rd

e2πiξ·xât(ξ)f̂ (ξ) dξ,(2.1)

with this identity holding in L2 if f ∈ L2. Also, if f , f̂ ∈ L1(Rd), then f ∈ L∞(Rd)
so Atf is bounded, continuous and integrable by Young’s convolution theorem, and
consequently (2.1) also holds for all x ∈ Rd. (Here, we use the Fourier transform
and inverse Fourier transform defined respectively by

f̂(ξ) =
∫
Rd

e−2πiξ·xf(x) dx, g
∨(x) =

∫
Rd

e2πiξ·xg(ξ) dξ,

and their natural extensions to unitary operators on L2, as in [SW2].) We shall
prove the bound ∫ ∞

0

|ât(ξ)|dt
t
≤ DΩ,(2.2)

which yields the claimed L2 convergence of
∫∞
0 Atfdt/t by the Lebesgue dominated

convergence theorem, and gives the pointwise convergence we seek when f , f̂ ∈ L1,
since using (2.1) we see that∫ ∞

0

|Atf(x)|dt
t
≤
∫
Rd

∫ ∞

0

|ât(ξ)|dt
t
|f̂(ξ)| dξ ≤ DΩ‖ f̂ ‖1.(2.3)
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Also, if we integrate (2.1), then by (2.3) we may use Fubini’s theorem to obtain∫ ∞

0

Atf(x)
dt

t
= (mf̂ )∨(x)

for all x if f, f̂ ∈ L1, where

m(ξ) =
∫ ∞

0

ât(ξ)
dt

t
.(2.4)

To prove (2.2), using polar coordinates we have

ât(ξ) =
∫

Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

e−2πitrξ·θrd−1drdθ,

where we recall that ρ(θ) = |Ω(θ)|1/d. For the case of odd Ω ∈ L1(Sd−1) we can
replace exp{i·} in this formula with −i sin{·}, and since | sinu| ≤ |u|, then letting
v(θ) = |ξ · θ|ρ(θ) we have the absolute value estimate∣∣ ∫ ρ(θ)

0

sin(2πtrξ · θ)rd−1dr
∣∣ ≤ cdt v(θ)|Ω(θ)|.(2.5)

Also, writing sin(ru) = − 1
u

d
dr cos(ru) and integrating by parts, we have

∣∣ ∫ ρ(θ)

0

sin(2πtrξ · θ)rd−1dr
∣∣ ≤ cd|Ω(θ)|

t v(θ)
,(2.6)

for the same choice of v. Thus∫ ∞

0

|ât(ξ)|dt
t
≤ cd

∫ ∞

0

∫
Sd−1

|Ω(θ)|min{tv(θ), 1
tv(θ)

} dθ dt
t

= cd

∫
Sd−1

|Ω(θ)|
∫ ∞

0

min{t, 1
t
} dt
t
dθ = 2cd

∫
Sd−1

|Ω(θ)| dθ.
(2.7)

The desired convergence in the case of general Ω ∈ L logL(Sd−1) with integral
0 is more difficult. Using the cancellation of Ω, we see that at has integral 0:∫

Rd

at(y)dy =
1
td

∫
Sd−1

sgnΩ(θ)
∫ tρ(θ)

0

rd−1dr dθ =
1
d

∫
Sd−1

Ω(θ)dθ = 0.

Therefore

ât(ξ) =
∫

Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

[e−2πitrξ·θ − 1]rd−1drdθ.(2.8)

By arguing essentially as for (2.5) and (2.6) (using, e.g., the fact that |eiu − 1| is
bounded by both |u| and 2), we get∣∣∣∣∣

∫ ρ(θ)

0

[e−2πitrξ·θ − 1]rd−1dr

∣∣∣∣∣ ≤ cd|Ω(θ)|min{1, tv(θ)},(2.9)

∣∣ ∫ ρ(θ)

0

e−2πitrξ·θrd−1dr
∣∣ ≤ cd|Ω(θ)|min{1, 1

tv(θ)
},(2.10)
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for the same choice of v(θ). Letting χ(t) denote the characteristic function of [0, 1],
and using (2.8), we can write∫ ∞

0

|ât(ξ)|dt
t

=
∫ ∞

0

∣∣ ∫
Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

[e−2πitrξ·θ − χ(|ξ|t)]rd−1 dr dθ
∣∣ dt
t

= A + B,

where A is the part of the integral for 0 < t < 1/|ξ| and B is the remaining part.
Then

A ≤ cd

∫ 1/|ξ|

0

∫
Sd−1

|Ω(θ)|min{1, t v(θ)} dθ dt
t
,

B ≤ cd

∫ ∞

1/|ξ|

∫
Sd−1

|Ω(θ)|min{1, 1
t v(θ)

} dθ dt
t
,

using (2.9), (2.10) respectively. Interchange the order of integration and split the
t integral into integrals over intervals (0, α(θ)) and (α(θ), 1/|ξ|), where α(θ) =
min{1/|ξ|, 1/v(θ)}, to see that A is bounded by

cd

∫
Sd−1

|Ω(θ)|
(
α(θ)v(θ) + ln+ v(θ)

|ξ|
)
dθ ≤ cd

∫
Sd−1

|Ω(θ)|
(

1 +
1
d

ln+ |Ω(θ)|
)
dθ,

uniformly in ξ. (The last inequality uses αv ≤ 1 and |ξ · θ| ≤ |ξ|.) Next, let β(θ) =
max{1/|ξ|, 1/v(θ)}, interchange the order of integration and split the interval of t
integration into the intervals (1/|ξ|, β(θ)) and (β(θ),∞), to see that B is bounded
by a geometric multiple of∫

Sd−1

|Ω(θ)|
(

1 + ln+ |ξ|
v(θ)

)
dθ ≤ ‖Ω ‖L log L(Sd−1) +

∫
Sd−1

|Ω(θ)| ln |ξ|
|ξ · θ|dθ

≤ cd(1 + ‖Ω ‖L log L(Sd−1))

(2.11)

uniformly in ξ. To see the last line, observe that the functions φ(t) = et − 1,
ψ(t) = ln(t+ 1) vanish at 0, are nonnegative, increasing and inverse to each other
for t ≥ 0, giving the inequality

ab ≤
∫ a

0

φ(t)dt +
∫ b

0

ψ(t)dt ≤ ea + b ln(b+ 1)

for all a, b ≥ 0 by Young’s generalization of Hölder’s inequality e.g., [Z, vol. 1, p.

16]. Letting ξ′ = ξ/|ξ|, the last line of (2.11) then follows by taking a =
1
2

ln
1

|ξ′ · θ| ,

b = 2|Ω(θ)| and integrating in θ, observing that exp(
1
2

ln
1

|ξ′ · θ| ) = |ξ′ · θ|−1/2 is

integrable uniformly in ξ.
We are now left with the task of showing the identities (1.1) and (1.2). We

will prove these identities by showing the corresponding identity of the Fourier
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multipliers. Whenever they are defined, let

mo(ξ) = −iπ
2

∫
Sd−1

Ω(θ) sgn(ξ · θ) dθ,

me(ξ) =
∫

Sd−1

Ω(θ) log
1

|ξ′ · θ| dθ, ξ′ = ξ/|ξ|.

Also let mΩ(ξ) be the multiplier of TΩ, that is (TΩf )̂ (ξ) = mΩ(ξ)f̂(ξ). We know
(e.g. [CZ] and also [S]) that mΩ = mo +me, that mΩ = mo for odd Ω ∈ L1(Sd−1)
and mΩ = me for even Ω ∈ L logL(Sd−1) with integral 0, and that mΩ is bounded
for ξ 6= 0 for these cases. If m is the multiplier in (2.4), then (1.1) will follow once
we show m(ξ) = mo(ξ)/d when Ω is integrable and odd, and (1.2) will follow once
we showm(ξ) = mΩ(ξ)/d−cΩ/d for Ω ∈ L logL(Sd−1) with integral 0. This plainly
gives (1.1), (1.2) immediately in the L2 sense for f ∈ L2. Further, if f, f̂ ∈ L1 and
if we redefine f on a set of measure 0 so that it is everywhere continuous, then the
multiplier identities show that (1.1), (1.2) also hold in the pointwise sense for all x,
since the same kind of truncation and limiting argument by which we are able to
conclude that

∫∞
0 Atf(x)dt/t = (mf̂)∨(x) for all x can be used to show a similar

identity for TΩ. In fact, suppose that f , f̂ ∈ L1 and that Ω is as in Theorem 1.1,
and let

KεR(x) =
Ω(x)
|x|d χ{ε < |x| < R}, 0 < ε < R <∞.

Then KεR is integrable, telling us that KεR ∗ f is integrable, bounded and contin-
uous, in which case

KεR ∗ f(x) = (K̂εRf̂)∨(x)

everywhere. But (see [CZ], [S]) we know that K̂εR(ξ) is uniformly bounded for
0 < ε < R < ∞ and ξ ∈ Rd, and that K̂εR(ξ) → mΩ(ξ) for ξ 6= 0 as ε → 0,
R→∞, which gives

TΩf(x) = lim
ε→0

R→∞
KεR ∗ f(x) = (mΩf̂)∨(x)

for all x ∈ Rd by the Lebesgue dominated convergence theorem.
We first prove the multiplier identity when Ω is odd. Recall that in this case

ât(ξ) can be written as a sine integral. The improper integral identity∫ ∞

0

sin(tu)
dt

t
=
π

2
sgnu

is well-known, and integrating by parts shows that∣∣∣∣ ∫ β

α

sin(tu)
dt

t

∣∣∣∣ ≤ c

α|u|
when 0 < α < β <∞. This tells us that∣∣π

2
sgnu−

∫ α

0

sin(tu)
dt

t

∣∣ ≤ c

α|u|(2.12)
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whenever α > 0, u 6= 0. The absolute convergence argument in the proof of (2.7)
shows that we may interchange the t and θ integrals to write

∫ ∞

0

ât(ξ)
dt

t
= −i

∫
Sd−1

sgn Ω(θ)
∫ ∞

0

∫ ρ(θ)

0

sin(2πtrξ · θ)rd−1 dr
dt

t
dθ

= lim
R→∞

−i
∫

Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

rd−1

∫ R/v(θ)

0

sin(2πtrξ · θ) dt
t
dr dθ.

In the last line we wrote the t integral as a limit, which permitted us to interchange
the t and r integrals within the limit. By (2.12), the t integral inside the limit on
the last line is π

2 sgn(ξ · θ) up to a difference term, which tells us that the quantity
within the limit is mo(ξ)/d up to the corresponding r, θ integral of the difference
term. By (2.12), this difference term integral is bounded by

c

∫
Sd−1

∫ ρ(θ)

0

rd−1 ρ(θ)
Rr

dr dθ ≤ c′

R

∫
Sd−1

|Ω(θ)| dθ,

which plainly vanishes as R→∞. Consequently, we have∫ ∞

0

ât(ξ)
dt

t
=
mo(ξ)
d

,

which is what we needed to show in the odd kernel case.
We now turn to the case Ω ∈ L logL(Sd−1) with integral 0 on Sd−1. Here ât can

be written as the sum of the sine and cosine integrals

âsin
t (ξ) = −i

∫
Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

sin(2πtrξ · θ)rd−1 dr dθ,

âcos
t (ξ) =

∫
Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

cos(2πtrξ · θ)rd−1 dr dθ,

and we have just shown that∫ ∞

0

âsin
t (ξ)

dt

t
=
mo(ξ)
d

,

so we will be done if we show that∫ ∞

0

âcos
t (ξ)

dt

t
=
me(ξ)
d

− cΩ
d
.

To do this, recall that χ(t) is the characteristic function of the interval [0, 1] and
that v(θ) = |ξ · θ|ρ(θ). Since at has integral 0 for each t, and since cos is an even
function, we have

∫ ∞

0

âcos
t (ξ)

dt

t
=
∫

Sd−1

sgnΩ(θ)
∫ ∞

0

∫ ρ(θ)

0

[cos(2πtr|ξ · θ|)− χ(|ξ|t)]rd−1 dr
dt

t
dθ

= I + II,
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where

I =
∫

Sd−1

sgnΩ(θ)
∫ ∞

0

∫ ρ(θ)

0

[χ(tv(θ)) − χ(|ξ|t)]rd−1 dr
dt

t
dθ

and II is the remaining part (we are again justified in interchanging the t and θ
integrals because we were justified in doing so for the full multiplier integral and
for the sine part of that integral by the proof of (2.2)). Bringing absolute values
inside I, we see that the resulting integral converges absolutely for ξ 6= 0, being
bounded by

1
d

∫
Sd−1

|Ω(θ)| ∣∣ ln |ξ|
v(θ)

∣∣ dθ ≤ 1
d

∫
Sd−1

|Ω(θ)|
(

ln
1

|ξ′ · θ| +
1
d

∣∣ ln |Ω(θ)|∣∣) dθ,
which we can show is bounded by a constant independent of ξ by arguing as for
(2.11). It is therefore permissible to bring the t integral all the way inside to see
that

I =
1
d

∫
Sd−1

Ω(θ) ln
1

|ξ′ · θ|ρ(θ)dθ

=
1
d

∫
Sd−1

Ω(θ) ln
1

|ξ′ · θ|dθ −
1
d2

∫
Sd−1

Ω(θ) ln |Ω(θ)|dθ

= me(ξ)− 1
d
cΩ.

We are therefore done if we can show that the term II vanishes. But

II = lim
ε→0

R→∞

∫
Sd−1

sgnΩ(θ)
∫ R

v(θ)

ε
v(θ)

∫ ρ(θ)

0

[cos(2πtr|ξ · θ|)− χ(tv(θ))]rd−1dr
dt

t
dθ

= lim
ε→0

R→∞

∫
Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

rd−1

∫ R/v(θ)

ε/v(θ)

cos(2πtr|ξ · θ|) dt
t
dr dθ

= lim
ε→0

R→∞

∫
Sd−1

sgnΩ(θ)
∫ ρ(θ)

0

rd−1

∫ Rr/ρ(θ)

εr/ρ(θ)

cos(2πt)
dt

t
dr dθ.

(2.13)

The second line follows by interchanging the t and r integrals inside the limit
because∫

Sd−1

sgn Ω(θ)
∫ ρ(θ)

0

rd−1

∫ R/v(θ)

ε/v(θ)

dt

t
dr dθ =

1
d

ln
R

ε

∫
Sd−1

Ω(θ) dθ = 0,

which allows us to drop the subtracted expression appearing in the first line of
(2.13), as its integral is just the above expression with R = 1. The last line in
(2.13) then follows by a substitution in the t integral. But whenever u(t) is a
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suitable function, interchanging the order of integration shows that∫ ρ(θ)

0

rd−1

∫ Rr/ρ(θ)

εr/ρ(θ)

u(t)
dt

t
dr =

∫ ε

0

u(t)
∫ ρ(θ)t/ε

ρ(θ)t/R

rd−1 dr
dt

t

+
∫ R

ε

u(t)
∫ ρ(θ)

ρ(θ)t/R

rd−1 dr
dt

t

= |Ω(θ)|
∫ R

0

u(t)hε,R(t) dr
dt

t
,

for hε,R(t) = td(1/εd − 1/Rd)/d if 0 < t < ε and hε,R(t) = (1 − (t/R)d)/d if
ε < t < R. The integral in the bottom line is clearly finite for 0 < ε < R <∞ with
u(t) = cos 2πt, and so we see that the integral in the limit on the bottom line of
(2.13) is 0, being a multiple of the integral of Ω. Since II = 0, we are done.

Littlewood-Paley argument for TΩ

Proof of Theorem 1.2. The proof requires the extensive use of weighted Littlewood-
Paley theory. Define a Littlewood-Paley decomposition

(Qjf )̂ (ξ) = Ψ(2j |ξ|)f̂(ξ),

with Ψ ∈ C∞0 ((1/2, 2)) a nonnegative smooth function satisfying
∑

j∈Z Ψ2(2jt) = 1
for t > 0. Then Plancherel’s theorem shows that

∑
j∈Z Q

2
j = Id on L2, and this

identity also holds in several other senses that we will describe later. One of those
senses is in Lp(w) norm for 1 < p < ∞, w ∈ Ap, in which case we also have the
following weighted inequalities: given 1 < p < ∞ and w ∈ Ap, there are positive
constants cp,w, Cp,w, C′p,w, depending only on p and the Ap constant of w, such
that

cp,w‖f‖p,w ≤ ‖{
∑

j

|Qjf |2}
1/2‖p,w ≤ Cp,w‖f‖p,w,(2.14)

‖
∑

j

Qjfj‖p,w ≤ C′p,w‖{
∑

j

|Qjfj |2}
1/2‖p,w.(2.15)

In §5 we will need two-weight analogues of these inequalities. To get these ana-
logues, first note that in particular the above inequalities hold for all p > 1 if
w ∈ A1, i.e., for w such that Mw ≤ Cw a.e., where M is the Hardy-Littlewood
maximal operator and the constant depends only on the A1 constant of w. Now if
we define Mrf(x) =

{
M(|f |r)}1/r, the Coifman-Rochberg inequality says that for

r > 1

MMrf(x) ≤ CrMrf(x) a.e. x,(2.16)

i.e., if r > 1 and Mrf is not infinite on a set of positive measure, then Mrf is
an A1 weight with constant independent of f . From this and (2.14), (2.15), we
immediately obtain the corresponding two-weight inequalities

‖{
∑

j

|Qjf |2}
1/2‖Lp(v) ≤ Cp,r‖f‖Lp(Mrv),(2.17)

‖
∑

j

Qjfj‖Lp(v) ≤ C′p,r‖{
∑

j

|Qjfj|2}
1/2‖Lp(Mrv),(2.18)
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for 1 < p < ∞, r > 1, and for all weights v, with constants Cp,r, C
′
p,r depending

only on p and r. The inequalities (2.14)–(2.18) also hold with Q2
j replacing Qj at

every occurrence in each equation. In (2.15) and (2.18), the inequality remains true
if we delete the Qj on the right side, and we may also delete Q2

j on the right side
of the variants of (2.15) and (2.18) having Q2

j in place of Qj.
Basic weighted Littlewood-Paley theory is contained in [K]. However, since

some of the forms we use, including the variants described above, do not appear
to be explicitly proven anywhere, we shall give a thumbnail sketch of the proofs of
weighted Littlewood-Paley theory as it will be used here. Observe that if ψj(x) is
the Schwartz function given by ψ̂j(ξ) = Ψ(2j |ξ|), then Qjf = f ∗ ψj with

|ψj(x)| ≤ Cm
2−dj(

1 + |2−jx|)m , |∇ψj(x)| ≤ Cm
2−(d+1)j(

1 + |2−jx|)m ,(2.19)

for all m > 0, uniformly in j. The use of this together with the support of the
Fourier transform of ψj tells us that if K is a kernel of the form

K(x) =
n∑

j=−m

±ψj(x),

then K satisfies |K(x)| ≤ D|x|−d, |∇K(x)| ≤ D|x|−(d+1), |K̂(ξ)| ≤ D, with D
independent of m, n and choice of signs ±, and as a consequence of weighted
Calderón-Zygmund theory, we get the bounds

‖K ∗ f‖p,w ≤ Cp,w‖f‖p,w, 1 < p <∞, w ∈ Ap,

with similar uniformity. From this, the last inequality in (2.14) follows by a standard
Rademacher function argument. We get the corresponding inequality with Q2

j

replacing Qj by observing that the above argument holds upon replacing ψj with
the function whose Fourier transform is Ψ(2j |ξ|)2.

Now recall that Lp′(w−p′/p) is the dual of Lp(w) under the standard pairing
〈f, g〉 =

∫
f g and that w−p′/p ∈ Ap′ iff w ∈ Ap. Since the operators Qj are

self-adjoint, if f ∈ L2 ∩ Lp(w) and g ∈ L2 ∩ Lp′(w−p′/p), then∫
Rd

f(x) g(x)dx =
∑

j

∫
Rd

Ψ(2j |ξ|)2f̂(ξ) ĝ(ξ)dξ =
∑

j

∫
Rd

Qjf(x)Qjg(x)dx.

This results in∣∣∫ f g
∣∣ ≤ ∥∥{∑

j

|Qjf |2
}1/2∥∥

p,w

∥∥{∑
j

|Qjg|2
}1/2∥∥

p′,w−p′/p

≤ Cp′,w−p′/p

∥∥{∑
j

|Qjf |2
}1/2∥∥

p,w
‖g‖p′,w−p′/p ,

where the last estimate follows from the last inequality in (2.14), which we have
already proven. By duality and a density argument, this gives the first inequality
in (2.14).

Observe that the last inequality in (2.14) holds if we replace Qj with operators
Q̃j which are defined in the same way, but with Ψ replaced by a function Ψ̃ ∈
C∞0 ((1/4, 4)) satisfying Ψ̃(t) = 1 for 1/2 ≤ t ≤ 2. Consequently, the first inequality
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in (2.14) holds if we replace Qjf with Q2
jf by arguing as above but beginning

instead with the identity ∫
f g =

∑
j

∫
Q2

jf Q̃jg,

which follows upon taking Fourier transforms since Ψ2Ψ̃ = Ψ2.
Next, to prove (2.15), if w ∈ Ap and if g ∈ Lp′(w−p′/p), we have∣∣∑

j

∫
Qjfj g

∣∣ = ∣∣∑
j

∫
fj Qjg

∣∣ ≤ Cp′,w−p′/p

∥∥{∑
j

|fj |2
}1/2∥∥

p,w
‖g‖p′,w−p′/p ,

where we have used (2.14) for g. Using duality for finite sums and a limiting
argument, this gives us the inequality

‖
∑

j

Qjfj‖p,w ≤ Cp′,w−p′/p‖{
∑

j

|fj |2}
1/2‖p,w,

which is one of the claimed variants of (2.15), and if we replace Qj with Q̃j (defined
in the preceding argument) and fj with Qjfj , the observation that Q̃jQj = Qj

allows us to conclude (2.15). If we replace Qj with Q2
j , a similar argument using

instead the variant of (2.14) gives the remaining variants of (2.15). Note also that
the one of these variants of (2.15) which has Q2

j in place of Qj on both sides follows
immediately by applying the original inequality to the sequence {Qjfj }.

We turn now to some of the senses in which the identity
∑

j Q
2
jf = f holds. We

first see that it holds in the pointwise sense, i.e.,

lim
k,l→∞

l∑
j=−k

Q2
jf(x) = f(x)(2.20)

for all x if f is a continuous function which vanishes at infinity. To see this,
let ϕ be the Schwartz function with integral 1 which is given by ϕ̂(ξ) = 1 −∑

j<0 Ψ(2j|ξ|)2, and observe that also ϕ̂(ξ) =
∑∞

j=0 Ψ(2j|ξ|)2 for ξ 6= 0. Define
ϕ

j
(x) = 2−djϕ(2−jx). Then for any distribution f ,

l∑
j=−k

Q2
jf = ϕ−k

∗ f − ϕ
l+1

∗ f.(2.21)

When f is a continuous function vanishing at infinity, ϕ−k
∗f → f and ϕ

l+1
∗f → 0

pointwise everywhere as k, l → ∞, and (2.20) follows. In particular, (2.20) holds
almost everywhere pointwise if f , f̂ ∈ L1(Rd), because then f can be redefined on
a set of measure 0 so that it is a continuous function vanishing at infinity. Using
(2.21) and differentiation theory we can also see that (2.20) holds pointwise a.e.
and in Lp(w) norm for any f ∈ Lp(w) if w ∈ Ap, 1 < p <∞. Although we will not
use the fact, (2.20) can be shown to hold in the sense of distributions (i.e., in S ′)
for any distribution f such that ‖ϕ

n
∗ f ‖∞ → 0 as n→∞.

As the Littlewood-Paley inequalities deal with weighted norms of `2-valued
terms, we shall also need vector-valued inequalities for the Hardy-Littlewood maxi-
mal operatorM . In [AJ], K. F. Andersen and R. T. John prove that if 1 < p, q <∞
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and if w ∈ Ap, then

‖ {∑
j

|Mfj|q
}1/q ‖p,w ≤ Cp,q,w‖

{∑
j

|fj |q
}1/q ‖p,w,(2.22)

where the constant may be taken to depend only on the Ap-constant of w. (This is
a generalization to the weighted setting of the unweighted inequalities first proven
by C. Fefferman and E. M. Stein in [FS].)

In order to use the preceding facts in a proof of Theorem 1.2, we shall need
to define some intermediate operators which we will use in describing the integral
representation (1.2) of TΩ and the auxiliary functions Gj . For s ∈ Z, m ≥ 0, let

Bsf(x) =
∫ 2s

2s−1
Atf(x)

dt

t
, and Bm

s f(x) =
∫ 2s

2s−1
Am

t f(x)
dt

t
.

Note that the operators At, Am
t , Bs, Bm

s are given by convolution with functions
at(·), am

t (·), bs(·), bms (·), respectively, defined by

at(x) =
1
td
χ

tS
(x) sgn Ω(x), am

t (x) =
1
td
χ

tSm
(x) sgn Ω(x),

bs(x) =
∫ 2s

2s−1
at(x)

dt

t
, bms (x) =

∫ 2s

2s−1
am

t (x)
dt

t
.

This being so, we also have the following integral bounds:∫
|am

t (x)|dx ≤ |Sm|,(2.23) ∫
am

t (x)dx =
∫

Sm

sgnΩ(x)dx =
1
d

∫
Θm

Ω(θ)dθ,(2.24)

∫
|bms (x)|dx ≤ (ln 2)|Sm| ≤ |Sm|,(2.25) ∫
bms (x)dx = ln 2

∫
Sm

sgnΩ(x)dx =
ln 2
d

∫
Θm

Ω(θ)dθ.(2.26)

We have Bsf =
∑

m≥0B
m
s f , and∫ ∞

0

Atf
dt

t
=
∑
s∈Z

Bsf =
∑
s∈Z

∑
m≥0

Bm
s f.(2.27)

For this last representation, there is no problem writing the sums in the given
order if f , f̂ ∈ L1(Rd), as the inner sum converges absolutely to Bsf (since
‖ bms ‖1 ≤ (ln 2)|Sm| and

∑ |Sm| = |S| < ∞), and
∑

s Bsf converges absolutely,
this being implied by the absolute convergence of

∫∞
0
Atf(x)dt/t.

We also see that we can rewrite (1.3) as

Gjf =
∞∑

m=0

Nm∑
s=0

Bm
s+j−mf,(2.28)

where, recall, N is a large integer independent of j which may vary with use. Note
that Gj is given by convolution with a function which is equal to the corresponding
sum of the functions bms+j−m, and so has L1 norm bounded by

∑
m≥0(1+Nm)|Sm| ≈
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Sd−1

|Ω(θ)|(1 +N log+ |Ω(θ)|)dθ. Thus the sum for Gj converges absolutely if f is

bounded, and converges absolutely almost everywhere if f ∈ Lp, 1 ≤ p <∞.
We wish to first prove Theorem 1.2 under the assumption that Ω satisfies the

extra cancellation condition∫
Θm

Ω(θ)dθ = 0 for all m ≥ 0.(2.29)

This happens for example if Ω is odd, and we will see later how to prove Theorem
1.2 without this condition. By (2.24) and (2.26), condition (2.29) means that∫

am
t (x)dx = 0 and

∫
bms (x)dx = 0

for all m, t and s, so that Am
t and Bm

s annihilate constants just as At and Bs do.
We will use this cancellation to justify the following decomposition.

Lemma 2.1. If Ω ∈ L logL(Sd−1) satisfies the strong cancellation condition (2.29)
and if f , f̂ ∈ L1(Rd) (in particular if f ∈ S), then∫ ∞

0

Atf(x)
dt

t
=
∑
j∈Z

∑
s∈Z

∑
m≥0

Q2
jB

m
s f(x)(2.30)

where the sum on the right converges absolutely (and so is independent of rearrange-
ment) for all x to a bounded function.

Proof of Lemma 2.1. We will show that∑
m≥0

∑
s∈Z

∣∣̂bms (ξ)
∣∣ ≤ CΩ(2.31)

for all ξ 6= 0, which by the properties of Ψ tells us that∑
j∈Z

∑
s∈Z

∑
m≥0

|Ψ(2j |ξ|)|2 |̂bms (ξ)| ≤ CΩ

for all ξ 6= 0. The lemma will then follow. Indeed, the operators Q2
j , B

m
s are given

by convolution with integrable functions, so that

Q2
jB

m
s f(x) =

(
Ψ(2j| · |)2b̂ms f̂

)∨(x)

pointwise for all x if f , f̂ ∈ L1(Rd), in which case taking absolute values, summing
and interchanging the order of summation and integration gives∑

j∈Z

∑
s∈Z

∑
m≥0

|Q2
jB

m
s f(x)| ≤

∫
Rd

|f̂(ξ)|
∑
j∈Z

∑
s∈Z

∑
m≥0

|Ψ(2j|ξ|)|2 |̂bms (ξ)|

≤ CΩ‖ f̂ ‖1.

On the other hand, (2.31) also implies that∑
s∈Z

∑
m≥0

|Bm
s f(x)| ≤

∫
Rd

|f̂(ξ)|
∑
s∈Z

∑
m≥0

|̂bms (ξ)| dξ ≤ CΩ‖ f̂ ‖1

for all x, and consequently, by the Lebesgue dominated convergence theorem, for
each j and all x,

Q2
j

∑
s∈Z

∑
m≥0

Bm
s f(x) =

∑
s∈Z

∑
m≥0

Q2
jB

m
s f(x),
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with all sums converging absolutely. The expression on the left here equals

Q2
j

∫ ∞

0

Atf(x)
dt

t

by (2.27), and (2.30) now follows by summing over j and applying (2.20) to the
function

∫∞
0
Atf(x)dt/t, which is continuous and vanishes at ∞ due to (2.2), (2.4)

and the formula preceding (2.4) (recall that f̂ ∈ L1 by assumption).
We will therefore be done once we show (2.31), which we prove from the following

estimates:

|̂bms (ξ)| ≤ (ln 2)|Sm||2m+sξ|,(2.32)

|̂bms (ξ)| ≤ (ln 2)|Sm|,(2.33)

|̂bms (ξ)| ≤ Cα,d2dm |2m+sξ|−α, 0 < α < 1.(2.34)

We will use these estimates again in the proof of Theorem 1.2. We get (2.33) directly
from (2.25), and to prove (2.32) we again use (2.25) together with the fact that bms
has integral 0 (since we are assuming (2.29)) and is supported in |x| ≤ 2s+m. We
prove (2.34) using an argument similar to one appearing in [DR]. By interpolating
between the two bounds appearing in (2.10), we see that the integral which appears
there is also bounded by cd|Ω(θ)| (tv(θ))−α = cdρ(θ)d−α|tξ · θ|−α for 0 < α < 1.
The function |ξ · θ|−α is an integrable singularity in θ, and since ρ(θ) ≤ 2m for
θ ∈ Θm, we have

|âm
t (ξ)| =

∣∣∣∣∣∣
∫

Θm

(sgnΩ(θ))
∫ ρ(θ)

0

e−2πitrθ·ξrd−1dr dθ

∣∣∣∣∣∣
≤ cd

∫
Sd−1

2dm 1
|2mtξ · θ|α dθ ≤ Cα,d

2dm

|2mtξ|α ,

giving (2.34).
Given ξ 6= 0, let D be the integer such that 1/2 ≤ |2Dξ| < 1, and for an integer

N > 0 yet to be determined, write∑
m≥0

∑
s∈Z

∣∣̂bms (ξ)
∣∣ =

∑
m≥0

∑
s∈Z

∣∣̂bms+D−m(ξ)
∣∣

=
∑
m≥0

∑
s<0

+
∑
m≥0

Nm∑
s=0

+
∑
m≥0

∞∑
s=Nm+1

= I + II + III.

The terms I, II, III strongly parallel terms with the same names which will appear
in the Littlewood-Paley argument. To bound these sums, use (2.32) to see that

I ≤
∑
m≥0

−1∑
s=−∞

|Sm||2D+sξ| ≤ |S|,
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and use (2.33) to see that

II ≤
∑
m≥0

(Nm+ 1)|Sm| ≤ cN‖Ω ‖L log L,

which is a bound depending only on our ultimate choice of N . Fixing α with
0 < α < 1, we now choose N large enough so that Nα > d, and using (2.34) we
have

III ≤ Cα

∑
m≥0

∞∑
s=Nm+1

2dm |2D+sξ|−α ≤ C′α
∑
m≥0

2dm 2−αNm = CN,α,

for CN,α independent of ξ. We have thus established (2.31) and finished the proof
of Lemma 2.1.

Now that we have established (2.30) for a class of functions including S and have
shown that the sum is independent of the order of summation, we are justified in
writing for such f∫ ∞

0

Atf(x)
dt

t
=
∑
j∈Z

∑
s∈Z

∑
m≥0

Q2
jB

m
s f(x)

=
∑
j∈Z

∑
m≥0

∑
s∈Z

Q2
jB

m
s+j−mf(x)

=
∑
j∈Z

∑
m≥0,
s<0

+
∑
j∈Z

∑
m≥0,

0≤s≤Nm

+
∑
j∈Z

∑
m≥0,
s>Nm

= I + II + III,

(2.35)

and we need to show appropriate norm inequalities for the terms I, II, III. Observe
the similarities between the terms I, II, III appearing here and those appearing
in the proof of Lemma 2.1.

We begin with II. Note that

II =
∑

j

Q2
jGjf,(2.36)

and observe by one of the described variants of (2.15) that, since w ∈ Ap,

‖ II ‖p,w ≤ Cp,w‖
{∑

j

|GjQ
2
jf |2

}1/2 ‖p,w.(2.37)

(Qj and Gj commute with each other, as each is given by a convolution.) Applying
(1.4) to the right side of this inequality, we obtain

‖ II ‖p,w ≤ C′p,w‖
{∑

j

|Q2
jf |2

}1/2 ‖p,w ≤ C′′p,w‖ f ‖p,w,

the last inequality holding by the variant of (2.14) mentioned earlier.
The estimations of I and III also begin with the use of (2.15) and end with

the use of (2.14). They only vary in the means used to estimate the inequality in
the middle. In order to estimate III, we will need (2.34). This together with the
support of the function Ψ used to define Qj yields∣∣(QjB

m
s+j−mf

)̂
(ξ)
∣∣ ≤ C2dm2−αs

∣∣f̂(ξ)
∣∣χ{2−j−1 < |ξ| < 2−j+1}.
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Consequently, by Plancherel’s theorem, for any sequence {fj},

‖ {∑
j

|QjB
m
s+j−mfj|2

}1/2 ‖2 ≤ C2dm2−αs‖ {∑
j

|fj|2
}1/2 ‖2.(2.38)

This L2 bound will be used with some pointwise estimates to give weighted
norm inequalities. We can crudely estimate |Bm

s+j−mf(x)| ≤ C2dmMf(x), since
Bm

s+j−mf(x) is given by convolution with a function supported in a ball of radius
2s+j and bounded by 2d(m−s−j). We similarly obtain |Qjf(x)| ≤ CMf(x) since
Qj can be written as convolution with a Schwartz function ψj(x) satisfying (2.19).
Putting these together gives

|QjB
m
s+j−mf(x)| ≤ C2dmMMf(x).

Thus, using (2.22) twice, we obtain the crude weighted inequality

‖ {∑
j

|QjB
m
s+j−mfj |2

}1/2 ‖p,w ≤ Cp,w2dm‖ {∑
j

|fj |2
}1/2 ‖p,w,(2.39)

for 1 < p <∞ and w ∈ Ap. To use this, we will need to use a result of E. M. Stein
and G. Weiss on interpolation with change of measures. (We state their result in a
restricted form for our convenience.)

Theorem [SW1]. For p0, p1 ≥ 1 suppose that T is a linear operator satisfying

‖Tf ‖pi,ui ≤ Ki‖ f ‖pi,vi

for all f in Lpi(vi), i = 0, 1. For 0 ≤ t ≤ 1, let pt be given by 1/pt = (1−t)/p0+t/p1

and let 0 ≤ r = r(t) ≤ 1 be defined by r = tpt/p1. For such t and associated r,
define weights ut = u1−r

0 ur
1 and vt = v1−r

0 vr
1. Then

‖Tf ‖pt,ut ≤ K1−t
0 Kt

1‖ f ‖pt,vt

for all f ∈ Lpt(vt). (We note that in the case p0 = p1 this gives pt = p0 and r = t.)

The general result of [SW1] deals with the case that T is bounded from Lsi(vi)
into Lpi(ui). We will only need the case pi = si that we have stated. The proof in
[SW1] extends easily to Banach space-valued functions, and one can in fact show
the following result, which we shall need: For 1 ≤ p, q <∞ and a weight w, let

Lp(`q; w) = {{fj} : ‖ {fj} ‖Lp(`q, w) = ‖ {
∑

j

|f q
j |}1/q ‖p,w <∞},

with the obvious modifications if p = ∞ or q = ∞. If 1 ≤ pi <∞ and 1 ≤ qi ≤ ∞
and T is a linear operator which is bounded from Lpi(`qi ; vi) to Lpi(`qi ;ui) with
operator norm ≤ Ki for i = 0, 1, then T is also bounded from Lpt(`qt ; vt) to
Lpt(`qt ;ut) with norm ≤ K1−t

0 Kt
1 for 0 < t < 1, where pt, ut and vt are as defined

above and qt is defined analogously to pt. A straightforward modification of the
proof of [SW1] yields this extension, which we shall use in §5. For related extensions,
see [T].

We may view (2.39) and (2.38) as norm inequalities for a linear operator which
takes its values in `2, and interpolating between (2.39) at some p0 > 1 and (2.38),
we see that if p is between p0 and 2 and δ, 0 < δ < 1, is given by δ = (p−2)/(p0−2),
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then whenever w ∈ Ap0 ,

‖ {∑
j

|QjB
m
s+j−mfj |2

}1/2 ‖p,wδ ≤ Cp0,p,w2dm2−(1−δ)2αs/p‖ {∑
j

|fj|2
}1/2 ‖p,wδ .

But it is a characteristic of Ap weights for p > 1 that when w ∈ Ap there are ε, ε′ > 0
such that w1+ε′ ∈ Ap−ε. Therefore choosing p0 sufficiently close to p ensures that
w1/δ ∈ Ap0 , so the above inequality with w1/δ replacing w gives

‖ {∑
j

|QjB
m
s+j−mfj|2

}1/2 ‖p,w ≤ Cp,w2dm2−ηs‖ {∑
j

|fj |2
}1/2 ‖p,w,(2.40)

for some η > 0, whenever 1 < p <∞ and w ∈ Ap. We can in fact choose Cp,w and
η depending only on p and the Ap constant of w.

We are now ready to estimate III. Using (2.15) and the triangle inequality, we
see that

‖ III ‖p,w ≤ ‖
{∑

j

∣∣ ∑
m≥0
s>Nm

QjB
m
s+j−mQjf

∣∣2}1/2

‖p,w

≤
∑
m≥0

s>Nm

‖ {∑
j

|QjB
m
s+j−mQjf |2

}1/2 ‖p,w,

so if we choose N so that Nη > d, applying (2.4) to the right side of the above
inequality gives the bound

‖ III ‖p,w ≤ Cp,w

∑
m≥0
s>Nm

2dm2−ηs‖ {∑
j

|Qjf |2
}1/2 ‖p,w

≤ C′p,w

∑
m≥0

2(d−Nη)m‖ {∑
j

|Qjf |2
}1/2 ‖p,w

≤ C′′p,w‖ f ‖p,w.

We now derive a similar estimate for I. Since bms is supported in |x| < 2s+m,
has integral 0 and L1 norm at most (ln 2)|Sm| (by (2.29), (2.26) and (2.25)), we see
that

∑
m≥0B

m
s−m is given by convolution with a function ks supported in |x| < 2s,

with integral 0 and L1 norm at most (ln 2)|S|. We again use the fact that Qj is
given by convolution with a Schwartz function ψj(x) satisfying (2.19). At j = 0,
this tells us that

|ψ0(x − y)− ψ0(x)| ≤ C|y|
(1 + |x|)d+1

for all |y| ≤ 1 and all x ∈ Rd.

Using this for s < 0 together with the facts about the support and cancellation of
ks, we see that ψ0 ∗ ks, the convolution kernel of the operator Q0

(∑
m≥0B

m
s−m

)
,

satisfies

|ψ0 ∗ ks(x)| =
∣∣∣∣ ∫
|y|<2s

ks(y)[ψ0(x− y)− ψ0(x)]dy
∣∣∣∣

≤ C2s

(1 + |x|)d+1
.
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In this inequality, C = C′‖ ks ‖1 ≤ C′′|S| for C′′ independent of Ω. Now, all of the
functions ψj(x), bj, and kj scale with j by dilation, i.e., ψj(x) = 2−djψ0(2−jx), and
similarly for bmj , etc. Consequently, we have ψj ∗ kj+s(x) = 2−djψ0 ∗ ks(2−jx), and
summing the above inequality for s < 0 and rescaling, we see that Qj

( ∑
m≥0
s<0

Bm
s+j−m

)
is given by convolution with a function bounded by C2−dj/(1 + |2−jx|)d+1 uni-
formly in j ∈ Z, and therefore∣∣Qj

(∑
m≥0
s<0

Bm
s+j−m

)
f(x)

∣∣ ≤ CMf(x),(2.41)

with similar uniformity. We may now use this with (2.22) to get the bound for I
in essentially the way we estimated III. Specifically,

‖ I ‖p,w ≤ C1

∥∥∥∥{∑
j

∣∣ ∑
m≥0
s<0

QjB
m
j+s−mQjf

∣∣2}1/2∥∥∥∥
p,w

≤ C2

∥∥∥∥{∑
j

∣∣M(Qjf)
∣∣2}1/2∥∥∥∥

p,w

≤ C3

∥∥∥∥{∑
j

∣∣Qjf
∣∣2}1/2∥∥∥∥

p,w

≤ C4‖ f ‖p,w.

(2.42)

Here, the first and last lines use our Littlewood-Paley inequalities, the second line
uses the inequality we just derived, and the following line uses (2.22).

This completes the proof of Theorem 1.2 assuming the extra cancellation (2.29).
To eliminate this assumption, first define a modified version Ãm

t of Am
t by

Ãm
t f(x) = Am

t f(x)− cm
|tB1(0)|

∫
tB1(0)

f(x− y)dy

=
∫
Rd

f(x− y)ãm
t (y)dy,

where B1(0) is the unit ball in Rd centered at the origin and

cm =
∫
Rd

am
t (y)dy.

Here ãm
t is given by

ãm
t (y) = am

t (y)− cm
|tB1(0)|χtB1(0)

(y)

=
1
td

[
χ

tSm
(y) sgnΩ(y)− cm

|B1(0)|χtB1(0)
(y)
]
.

Note from the definition of cm and by (2.23) that∫
Rd

ãm
t (y)dy = 0, and

∫
Rd

|ãm
t (y)|dy ≤ 2

∫
Rd

|am
t (y)|dy ≤ 2|Sm|,
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and also that
∑

m≥0 |cm| ≤ |S|. In particular this says that Ãm
t annihilates con-

stants.
Now define B̃m

s from Ãm
t in the same way Bm

s was defined from Am
t , by letting

B̃m
s =

∫ 2s

2s−1
Ãm

t

dt

t
.

Note also that Bm
s f = f ∗ b̃ms , where

b̃ms (y) =
∫ 2s

2s−1
ãm

t (y)
dt

t
.

Since Ω has integral 0, then
∑

m≥0 cm = 0 (see, e.g. (2.24)), so we have

At =
∑
m≥0

Ãm
t , Bs =

∑
m≥0

B̃m
s ,

and ∫ ∞

0

Atf(x)
dt

t
=
∑
s∈Z

Bsf(x) =
∑
s∈Z

∑
m≥0

B̃m
s f(x).(2.43)

We now claim that the proof of Theorem 1.2 which we gave under the cancellation
requirement (2.29) holds in the general case if we replace Am

t , Bm
s with Ãm

t , B̃m
s .

Specifically, to see that the analogue of Lemma 2.1 holds, observe that b̃ms (x) is
supported in |x| ≤ 2m+s and

|(̃bms )̂(ξ)| ≤ 2(ln 2)|Sm| |2m+sξ|,(2.44)

|(̃bms )̂(ξ)| ≤ 2(ln 2)|Sm|,(2.45)

|(̃bms )̂(ξ)| ≤ Cα2dm |2m+sξ|−α, 0 < α < 1.(2.46)

These may be obtained by integrating in t similar inequalities for (ãm
t )̂, namely,

|(ãm
t )̂(ξ)| has the three bounds 2|Sm| |2mtξ|, 2|Sm| and Cα,d2dm|2mtξ|−α for 0 <

α < 1. The first two of these bounds can be obtained by reasoning as for (2.32)
and (2.33), and the last one follows from the estimate for âm

t given after (2.34),
using also the estimate |(χtB1(0)

)
(̂ξ)| ≤ c td |tξ|−d/2 (see, e.g., [SW2, p. 171]; the

parameter δ there may also be 0, as the proof shows).
Comparing these to (2.32)–(2.34), we see that B̃m

s effectively satisfies the same
inequalities for general Ω ∈ L logL(Sd−1) with integral 0 (as in Theorem 1.2) that
Bm

s satisfies under the stronger cancellation condition (2.29).
If now I, II and III are the corresponding terms with B̃m

j replacing Bm
j , then

the estimation of the terms I and III proceeds roughly as before because the
modification leaves essentially unchanged the size, support and Fourier transform
bounds which were used to estimate these terms.

For the term II, since Ãm
t differs from Am

t by cm times an average over a ball of
radius t, then we see that the difference between the original definition of Gjf(x)
and the corresponding sum of the modified terms B̃m

s f(x) can be bounded by a
constant times Mf(x), the constant being a geometric multiple of∑

m≥0

(
1 +Nm

)|cm|.
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But this constant is finite because we know cm ≤ |Sm| and Ω ∈ L logL(Sd−1).
Since w ∈ Ap, we have from (2.22) the square inequalities

‖ {∑
j

|Mfj|2
}1/2 ‖p,w ≤ Cp,w‖

{∑
j

|fj|2
}1/2 ‖p,w.

From these two considerations, we see that the square inequality (1.4) for the origi-
nal terms Gj implies up to a fixed factor the same inequality for the modified terms,
which then yields the desired estimate for II. This completes the proof of Theorem
1.2.

3. Examples

Having proven Theorems 1.1 and 1.2, we give an example showing that the
conditions (1.7), (1.9) and (1.10) of Theorems 1.4 and 1.5 are fairly sharp before
going on to prove them. Observe that, for 1 < p < ∞, the following inequality is
implied by any of the weight conditions (1.7), (1.9) or (1.10): 1

|R|
∫
R

w(x)dx

1/p 1
|R|

∫
R

w(x)−p′/pdx

1/p′

≤ cm,k

|Rm,k| ,(3.1)

for every rectangle R which is a translate and dilate of the rectangle Rm,k. In fact,
for p = 2 this is the inequality (1.7), and it follows from (1.9) for 1 < p ≤ 2, and
from (1.10) for 2 ≤ p ≤ ∞, by using Hölder’s inequality. Since (3.1) is really an
Ap condition for a different choice of scale, then by applying the “reverse Hölder”
argument in [CF] for each choice of rectangle Rm,k, we see that if (3.1) holds for
some choice of constants cm,k, then for each m, k, there is some other choice of
constants cm,k and a constant r = rm,k > 1 depending on the original constant in
(3.1) so that (1.9) and (1.10) hold in their respective ranges of p.

In this section, we give some simple examples showing that the conditions (1.7),
(1.9) and (1.10) are fairly sharp for p in the appropriate ranges. We will show that
if TΩ is bounded on Lp(w) for suitable choices of Ω with |Ω| = ρd, i.e., if 1 < p <∞
and ∫

Rd

|TΩf |pw ≤ c

∫
Rd

|f |pw(3.2)

holds for f ∈ Lp(w), then the inequalities (3.1) hold up to a convergence factor,
i.e., with constants cm,k replaced with a single constant c independent of m and
k. That is, we will give examples of Ω so that if 1 < p < ∞ and w is a weight for
which (3.2) holds, then 1

|R|
∫
R

w(x)dx

1/p 1
|R|

∫
R

w(x)−p′/pdx

1/p′

≤ c

|Rm,k|(3.3)

for every rectangle R which is a translate and dilate of the rectangle Rm,k. In
particular, the example we consider will have Ω ∈ L logL(Sd−1) and unbounded.

For simplicity, we restrict our examples to the case d = 2, and we let

K(x) =
Ω(x′)
|x|2 , x′ =

x

|x| = (cos θ, sin θ),
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where Ω(x′) is the odd function of x′ given for |θ| ≤ π/2 by

Ω(x′) =
1

|θ|(1 + | log |θ||)2+ε

for some ε > 0. Then Ω ∈ L logL(S1) and has integral 0 over S1. We have
chosen Ω so that it does not belong to Lq(S1) for any q > 1, but this is not really
important for what follows. Similar considerations would apply to odd Ω defined
by Ω(x′) = |θ|−δ for |θ| ≤ π/2 for some δ with 0 < δ < 1.

Note that for our example the set S = {x : |K(x)| > 1} is symmetric with
respect to the coordinate axes and unbounded along the axis x2 = 0 (writing
x = (x1, x2)). The part of S which lies in the first and fourth quadrants is given in
polar coordinates by

{x = rθ : 0 ≤ r < [|θ|(1 + | log |θ||)2+ε]−1/2, |θ| ≤ π/2 }.
The collection of basic rectangles which cover S is then composed of rectangles
Rm, m = 1, 2, . . . , centered at the origin and of the form (up to dilation by a fixed
constant multiple)

Rm = [−2m, 2m]× [− 1
2mm2+ε

,
1

2mm2+ε
].

Given a weight w for which (3.2) is valid when TΩ is the singular integral with
kernel K, we wish to show that there is a constant c so that (3.3) holds for every R
which is a translation or dilation of a rectangle which is in our starlike cover. Since
in this example our starlike cover is essentially (that is, up to a single dilation)
given by {Rm}, then we wish to show(∫

R

wdx

)1/p(∫
R

w−p′/pdx

)1/p′

≤ c
|R|
|Rm| ,(3.4)

for every m and every rectangle R which is a translate and dilate of Rm, with c
independent of R and m.

To do this, fix m and let R be a translation and dilation of Rm. Because T
commutes with translations, we may without loss of generality assume that R is
centered at the origin, so that we can write

R = sRm = [−s2m, s2m]× [− s

2mm2+ε
,

s

2mm2+ε
]

for some s > 0. We may also assume that the second integral in (3.4) is positive
and finite. Partition R by a vertical line x1 = α into rectangles R−, R+ so that∫

R−

w−p′/pdx =
∫

R+

w−p′/pdx =
1
2

∫
R

w−p′/pdx.(3.5)

Let R− be the rectangle which lies to the left of the dividing line and let R+ be the
rectangle which lies to the right.

First pick f = χR−w
−1/(p−1) in (3.2) to get∫

Rd

|TΩ(χR−w
−1/(p−1))(x)|pw(x)dx ≤ c

∫
R−

w−1/(p−1)(x)dx.
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Restricting the integration on the left to R+ and noting that Ω(x− y) has constant
sign when x ∈ R+ and y ∈ R−, we obtain∫

R+

[ ∫
R−

w−1/(p−1)(y)
|Ω(x− y)|
|x− y|2 dy

]p
w(x)dx ≤ c

∫
R−

w−1/(p−1)(y)dy.(3.6)

We claim that
|Ω(x − y)|
|x− y|2 ≥ c

s2
if x ∈ R+ and y ∈ R−,(3.7)

for some constant c > 0 independent of x, y, s and m. This is a corollary of the
homogeneity of the kernel and the definition of S, but can also be seen directly
as follows. If x ∈ R+ and y ∈ R−, then |x − y| ≤ cs2m and the unit vector
(x − y)′ = (cos θ, sin θ) with |θ| ≤ π/2, and we will consider separately the ranges
|θ| < (s/2mm2+ε)/s2m = (22mm2+ε)−1 and (22mm2+ε)−1 ≤ |θ| ≤ π/2. These
ranges correspond essentially to whether the line through x and y intersects the
boundary of R through the vertical or horizontal edges of R. In the first case,

|Ω(x − y)| ≥ c

|θ|(∣∣ log |θ|∣∣)2+ε ≥
c22mm2+ε

m2+ε
= c22m,

so that
|Ω(x− y)|
|x− y|2 ≥ c

22m

(s2m)2
=

c

s2
.

In the second case, the maximum value of |x− y| is smaller, satisfying |x− y| ≤
cs/(|θ|2mm2+ε), while

|Ω(x− y)| ≥ c

|θ|(1 +
∣∣ log |θ|∣∣)2+ε ≥

c

|θ|m2+ε
.

Thus, in this case

|Ω(x− y)|
|x− y|2 ≥ c

|θ|m2+ε

( |θ|2mm2+ε

s

)2

=
c

s2
|θ|22mm2+ε ≥ c

s2
,

which proves (3.7) in every case.
Using (3.7) and (3.6) gives(

1
s2

∫
R−

w(y)−1/(p−1)dy

)p( ∫
R+

w(x)dx
)
≤ c

( ∫
R−

w(y)−1/(p−1)dy

)
.

Dividing by the integral on the right, using (3.5) and taking the pth root, we obtain

1
s2

(
1
2

∫
R

w(y)−1/(p−1)dy

)1/p′( ∫
R+

w(x)dx
)1/p

≤ c,

or since |R|/|Rm| = s2,( ∫
R+

w(x)dx
)1/p(∫

R

w(y)−1/(p−1)dy

)1/p′

≤ c
|R|
|Rm| .(3.8)
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Next, repeating the entire argument with R− and R+ interchanged (beginning
by now choosing f = χR+w

−1/(p−1), etc.), we obtain an inequality analogous to
(3.8): ( ∫

R−

w(x)dx
)1/p(∫

R

w(y)−1/(p−1)dy

)1/p′

≤ c
|R|
|Rm| .(3.9)

By adding (3.8) and (3.9), we obtain (3.3) and we are done.

4. Proofs of Theorems 1.3–1.5

We begin with some general background. Let S = S(Ω) be the starlike set about
the origin associated with the function Ω which is homogeneous of degree 0. We

first define what we mean by a statified starlike cover of S. Recall that S =
∞⋃

m=0
Sm

where

S0 = {x = rθ : 0 ≤ r ≤ ρ(θ), θ ∈ Sd−1, ρ(θ) ≤ 1},
Sm = {x = rθ : 0 ≤ r ≤ ρ(θ), θ ∈ Sd−1, 2m−1 < ρ(θ) ≤ 2m}, for m ≥ 1,

with ρ(θ) = |Ω(θ)|1/d. Using the same sort of construction used in the proof of
part (A) of Lemma 2.1 in [CWW], p. 248, we will show that there are rectangles
{Rm,k}m,k centered at the origin with

Sm ⊆
⋃
k

Rm,k for m ≥ 0,

the longest edgelength of Rm,k ≈ 2m, and∑
k

|Rm,k| ≤ c|Sm| for m ≥ 0,

(4.1)

with c depending only on the dimension d. Any such covering will be called a strat-
ified starlike cover, the word “stratified ” referring to the relation of the rectangles
to the subsets Sm of S. Such a cover always exists, although the following con-
struction is not necessarily optimal. For m = 0 we pick the single rectangle equal
to the cube with center at the origin and edgelength 2. For m ≥ 1, cover the set
Θm =

{
θ ∈ Sd−1 : 2m−1 < ρ(θ) ≤ 2m

}
by discs Dm,k = {θ ∈ Sd−1 : |θ − θm,k| <

εm,k}, θm,k ∈ Sd−1, satisfying
∑

k |Dm,k| ≈ |Θm|, and to each disc Dm,k assign a
rectangle Rm,k with major axis in the direction θm,k so that Rm,k is the smallest
closed rectangle which contains the cone {rθ : θ ∈ Dm,k,−2m ≤ r ≤ 2m}. Note
that Rm,k is uniquely determined by Dm,k up to rotation about its major axis, and
any choice will do. Then |Rm,k| ≈ 2dm|Dm,k| uniformly in m and k, with constants
of comparability depending only on d, and therefore∑

k

|Rm,k| ≈ 2dm
∑

k

|Dm,k| ≈ |Sm|, m ≥ 1,

with similar constants. Also

Sm ⊆ {rθ : θ ∈ Θm, 0 ≤ r ≤ 2m} ⊆
⋃
k

Rm,k,

which verifies (4.1).
We will now prove Theorems 1.3, 1.4, and 1.5.
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Proof of Theorem 1.3. Let us begin by showing how Theorem 1.3 follows from The-
orem 1.5, or from Theorem 1.4 if p = 2. In fact, condition (1.4) means that 1

|R|
∫
R

w(x)dx

1/p 1
|R|

∫
R

w(x)−p′/pdx

1/p′

≤ c(4.2)

for R ∈ B(Rm,k) for all k, m, with c independent of R, k and m. This leads by
standard methods to the existence of r > 1 and C > 0 independent of R, k and m
such that  1

|R|
∫
R

w(x)rdx

1/rp 1
|R|

∫
R

w(x)−rp′/pdx

1/rp′

≤ C(4.3)

for R ∈ B(Rm,k). To be more precise on this point, when (4.2) holds uniformly
for all cubes, then the “reverse Hölder inequality” argument shows that (4.3) holds
for all cubes with constants r > 1 and C > 0 which depend only on c and the
dimension. However, this argument is invariant under scaling and applies upon
replacing cubes with R ∈ B(Rm,k) for each m, k, with constants depending only on
d and the constant c in (4.2). From (4.3) we see that conditions (1.9) and (1.10)
hold with cm,k chosen to be C|Rm,k|. Moreover, assuming that Ω ∈ L logL(Sd−1),
we also have that (1.8) holds, since∑

m≥0
k

(m+ 1)cm,k ≤ c
∑
m≥0

(m+ 1)|Sm| by (4.1)

≤ c‖Ω ‖L log L(Sd−1),

as we have already observed in the proof of Theorem 1.2. The first statement in
Theorem 1.3 now follows from Theorem 1.5, and the second statement in Theorem
1.3 follows by combining the first statement with Theorem 1.2.

Proof of Theorem 1.4. We claim that if 1 < p < ∞ and w satisfies (1.7) and (1.8)
holds, then

‖ (∑
j

|Gjfj |p
)1/p ‖p,w ≤ c‖ (∑

j

|fj |p
)1/p ‖p,w(4.4)

with c independent of {fj}. When p = 2, this is the same as (1.4), and then
Theorem 1.4 follows immediately from Theorem 1.2.

In order to prove (4.4), we have only to show that

‖Gjf ‖p,w ≤ c‖ f ‖p,w(4.5)

with c independent of j and f . Let A+t, Am
+t be the positive operators defined by

dropping sgn Ω from the definitions of At, Am
t , respectively, that is,

A+tf(x) =
1
td

∫
tS

f(x− y)dy = t−dχ
tS
∗ f(x),(4.6)

Am
+tf(x) =

1
td

∫
tSm

f(x− y)dy = t−dχ
tSm

∗ f(x).(4.7)
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We have (see (1.3))

|Gjf(x)| =
∣∣∣∣ ∑

m≥0

∫ 2j+(N−1)m

2j−m−1
Am

t f(x)
dt

t

∣∣∣∣
≤
∑
m≥0

∫ 2j+(N−1)m

2j−m−1
Am

+t(|f |)(x)
dt

t
.

For a stratified starlike cover {Rm,k}m,k, let

Am,k
+t f(x) =

1
td

∫
tRm,k

f(x− y)dy.

Since Sm ⊆ ⋃k Rm,k, then by Minkowski’s inequality,

‖Gjf ‖p,w ≤
∑
m≥0

∫ 2j+(N−1)m

2j−m−1

∑
k

‖Am,k
+t (|f |) ‖p,w

dt

t
,

and by Hölder’s inequality, Am,k
+t (|f |) ≤ Am,k

+t (|f |pw)1/pAm,k
+t (w−p′/p)1/p′ , so

‖Am,k
+t (|f |) ‖p

p,w

≤ 1
tdp

∫
Rd

( ∫
x−tRm,k

|f(y)|pw(y)dy
)( ∫

x−tRm,k

w(z)−p′/pdz

)p/p′

w(x)dx

=
1
tdp

∫
Rd

|f(y)|pw(y)
{ ∫

y+tRm,k

w(x)
( ∫
x−tRm,k

w(z)−p′/pdz
)p/p′

dx

}
dy.

If z ∈ x − tRm,k and x ∈ y + tRm,k, then z ∈ y + tRm,k − tRm,k ⊆ y + 2tRm,k.
Thus the last expression is at most

1
tdp

∫
Rd

|f(y)|pw(y)
{( ∫

y+2tRm,k

w(x)dx
)( ∫

y+2tRm,k

w(z)−p′/pdz
)p/p′

}
dy

≤ ‖ f ‖p
p,w

( |2tRm,k|cm,k

td|Rm,k|
)p

=
(
2dcm,k

)p‖ f ‖p
p,w,

assuming that (1.7) holds. Collecting estimates, we obtain

‖Gjf ‖p,w ≤ 2d
∑
m≥0

∫ 2j+(N−1)m

2j−m−1

dt

t

∑
k

cm,k‖ f ‖p,w

= (2d ln 2)
∑
m≥0

(Nm+ 1)
∑

k

cm,k‖ f ‖p,w

= c‖ f ‖p,w by (1.8),

with a constant c depending on N , but independent of j and f . This proves our
claim, and so also Theorem 1.4.
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Proof of Theorem 1.5. We first consider the case when 1 < p ≤ 2. Let G be the
maximal operator defined by

Gf(x) =
∑
m≥0

(m+ 1) sup
t>0

Am
+t(|f |)(x).(4.8)

We have

Lemma 4.1. For all j, x and f ,

|Gjf(x)| ≤ (N ln 2)Gf(x),

where N is the constant appearing in the definition of the operators Gj.
Also, G satisfies the following Hölder type inequalities:

G(fg) ≤ {G(|f |r)}1/r{G(|g|r′)}1/r′ ,

Gf ≤ D1−1/r{G(|f |r)}1/r,
(4.9)

for all r > 1, where D =
∑

m≥0(m+ 1)|Sm|.
Proof. By definition of Gj ,

|Gjf(x)| ≤
∑
m≥0

∫ 2j+(N−1)m

2j−m−1
Am

+t(|f |)(x)
dt

t

≤
∑
m≥0

sup
t>0

Am
+t(|f |)(x)

∫ 2j+(N−1)m

2j−m−1

dt

t

=
∑
m≥0

(Nm+ 1)(ln 2) sup
t>0

Am
+t(|f |)(x)

≤ (N ln 2)Gf(x),

which proves the first part of the lemma. For the Hölder type inequalities, Hölder’s
integral inequality gives Am

+t(fg) ≤ {Am
+t(|f |r)}1/r{Am

+t(|g|r
′
)}1/r′ pointwise, and

used with Hölder’s inequality for sums, we have

G(fg)(x) ≤
∑
m≥0

(m+ 1) sup
t>0

{Am
+t(|f |r)}1/r sup

t>0
{Am

+t(|g|r
′
)}1/r′

≤ { ∑
m≥0

(m+ 1) sup
t>0

Am
+t(|f |r)

}1/r{ ∑
m≥0

(m+ 1) sup
t>0

Am
+t(|g|r

′
)
}1/r′

= {G(|f |r)}1/r{G(|g|r′)}1/r′ .

Choosing g = 1 in this inequality gives the second Hölder’s inequality of Lemma
4.1.

The operator G may be analyzed in terms of somewhat simpler operators. For
a starlike set S, define

MSf(x) = sup
t>0

A+t(|f |)(x).(4.10)

This operator is the Hardy-Littlewood maximal operator relative to the starlike set
S. It is a natural pointwise majorizant of the operators At, and in view of our
singular integral representation formula, it is not surprising that MS plays a role
in our analysis of TΩ. This operator will obtain somewhat greater significance in
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§5. For now, its interest is primarily related to the study of the operator G, which
may be written

Gf(x) =
∞∑

m=0

(m+ 1)MSmf(x),(4.11)

where MSm is the starlike maximal operator with respect to the set Sm. In order
to estimate G, we will use the following result about MSm from [CWW].

Lemma 4.2. Let S be a set starlike with respect to the origin, Rm,k a stratified
starlike cover of S, and 1 < p <∞. Given m ≥ 0, if there exists r > 1 such that 1

|R|
∫
R

w

1/p 1
|R|

∫
R

w−rp′/p

1/rp′

≤ cm,k

|Rm,k|(4.12)

(cf. (1.9)) holds for all R ∈ B(Rm,k) for all k, then

‖MSm(|f |) ‖p,w ≤ c
(∑

k

cm,k

)‖ f ‖p,w(4.13)

with c independent of f , m, and w. If (4.12) holds for some r > 1 for all R ∈
B(Rm,k) for all m ≥ 0 and all k, then

‖MSf ‖p,w ≤ c

( ∑
m≥0,

k

cm,k

)
‖ f ‖p,w.(4.14)

This lemma is a special case of Theorem 1.5(C) of [CWW].We take µ = 0 there
and consider the case of equal weights, thus giving (4.14); the more specialized
result (4.13) is obtained by applying the general result to each starlike set Sm. (We
note that the case µ = 0 was accidentally omitted in the statement of Theorem P
of [CWW], p. 242.) This result holds for 1 < p <∞, as stated above, but we only
require it for 1 < p ≤ 2, where (4.12) is the same as (1.9).

We can now verify Theorem 1.5 for the case 1 < p ≤ 2. By considering {Gj}
as an operator on the sequence space Lp(`q, w) =

{{fj}j : ‖ |{fj}|`q ‖p,w < ∞},
where | · |`q is the `q-sequence norm, it then suffices by interpolation in q to show
that for 1 < p ≤ 2, (1.8) and (1.9) ensure that

‖ (∑
j

|Gjfj|p
)1/p ‖p,w ≤ c‖ (∑

j

|fj |p
)1/p ‖p,w,(4.15)

‖ sup
j
|Gjfj| ‖p,w ≤ c‖ sup

j
|fj | ‖p,w,(4.16)

with c independent of {fj}. In fact, this interpolation (which is not needed for
p = 2; only (4.15) is then required) will then imply (1.4), and we will be done by
applying Theorems 1.1, 1.2.

We have already shown in the proof of Theorem 1.4 that (4.15) holds if (1.7)
and (1.8) hold. We now claim that if 1 < p < ∞ and (4.12) holds for constants
satisfying (1.8), then

‖Gf ‖p,w ≤ c‖ f ‖p,w.(4.17)
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Note that since

sup
j
|Gjfj(x)| ≤ (N ln 2) sup

j
|Gfj(x)| by Lemma 4.1

≤ (N ln 2)G
(
sup

j
|fj|
)
(x),

(4.16) follows by applying (4.17) to the function f = supj |fj |.
Let us now show (4.17). By definition of G, if 1 < p <∞ and (4.12) holds, then

‖Gf ‖p,w ≤
∑
m≥0

(m+ 1)‖ sup
t>0

Am
+t(|f |) ‖p,w

≤
∑
m≥0

(m+ 1)c
∑

k

cm,k‖ f ‖p,w by Lemma 4.2

= c′‖ f ‖p,w,

assuming that (1.8) holds as well. This proves (4.17) and so completes the proof of
(4.16) and of Theorem 1.5 for the case 1 < p ≤ 2.

We note that (4.17) implies that (4.15) and (4.16) hold with Gj replaced by G.
Another significant consequence of the fact that (4.12) together with (1.8) implies
(4.17) is the following, which we shall need later:

Observation 4.3. If Ω ∈ L logL(Sd−1), then G is bounded on Lp for 1 < p <∞.

To see this, let w = 1 in (4.17), noting that (4.12) holds for w = 1 and any r > 1
with constants cm,k = |Rm,k|, so that, as in the proof of Theorem 1.3, the fact that
Ω ∈ L logL together with (4.1) gives (1.8). This gives the observation.

When 2 ≤ p <∞, we will use a duality argument to prove (1.4). If p ≥ 2,

‖ (
∑

j

|Gjfj |2)1/2 ‖p,w = sup
∣∣ ∫ ∑

j

Gjfj gj

∣∣,
where the supremum is taken over all sequences {gj} with

‖ (
∑

j

|gj |2)1/2 ‖p′,w−p′/p ≤ 1.

By definition of Gj , we have∫
Gjf(x) g(x) dx =

∫
f(x)G∗jg(x) dx,

where G∗j is the operator adjoint to Gj , and is obtained by reflecting in the origin
and conjugating the convolution kernel of Gj . Thus,∣∣ ∫ ∑

j

(Gjfj) gj

∣∣ ≤ ‖ (
∑

j

|fj |2)1/2 ‖p,w‖ (
∑

j

|G∗jgj |2)1/2 ‖p′,w−p′/p .

Note that G∗j corresponds to Gj with Ω(−θ) in place of Ω(θ), and the corresponding
starlike sets are −S, −Sm. Since the rectangles Rm,k were chosen to be symmetric
with respect to the origin, these same rectangles also serve as a stratified starlike
cover for −S. Consequently, since now 1 < p′ ≤ 2, applying our earlier results to
the exponent p′ and the weight w−p′/p gives

‖ (
∑

j

|G∗jgj |2)1/2 ‖p′,w−p′/p ≤ c‖ (
∑

j

|gj |2)1/2 ‖p′,w−p′/p ,
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provided that there is an r > 1 so that (1.10) holds for constants cm,k satisfying
(1.8). This is because (1.10) and (1.9) are the same upon interchanging weights w,
w−p′/p and exponents p, p′. This proves the first part of Theorem 1.5 for 2 ≤ p <∞,
and the second part follows by combining the first part with Theorems 1.1 and 1.2.

It is also possible to derive the second part of Theorem 1.5 in the case p ≥ 2
directly by duality from the case 1 < p ≤ 2.

Proof of Theorem 1.6. A straightforward computation shows that the bound (1.5)
holds for the weights in part (B) of the theorem, and so for this part of Theorem
1.6 we see that the square inequality (1.4) holds as a consequence of Theorem 1.3.

It remains to prove part (A) of the theorem. We will give one proof here that
is based on results from [W4], which uses different methods to also obtain the
conclusion of this part of Theorem 1.6. In §5 we will give another proof which uses
only results developed in this paper. To do this, we require the introduction of yet
another maximal operator. For Ω homogeneous of degree 0, let

MΩf(x) = sup
t>0

1
td

∫
|y|<t

|f(x− y)| |Ω(y)|dy.

This operator is the homogeneous maximal operator relative to Ω, and in many ways
is the operator most appropriate for the study of TΩ using the standard singular
integral representation. The operators G, MS and MΩ are quite different in their
definitions, but they are closely related. For example, as the following result shows,
certain comparisons exist between them.

Lemma 4.4. For any Ω, let S be the starlike set associated with Ω. Then

MSf(x) ≤ Gf(x),

MΩf(x) ≤ cd{Mf(x) +Gf(x)}(4.18)

for any function f and every x ∈ Rd.
If Ω ∈ L(logL)γ(Sd−1) for each γ > 0, then for each λ > 1, we also have

Gf(x) ≤ cΩ,λMS(|f |λ)(x)1/λ,

Gf(x) ≤ cdMf(x) + cΩ,λMΩ(|f |λ)(x)1/λ
(4.19)

with constants independent of f , x.

The degree of integrability of Ω that this lemma requires is satisfied if Ω ∈
Lr(Sd−1) for some r > 1 (which is the integrability requirement of part (A) of
Theorem 1.6). Except for Theorem 1.6, this is a stronger requirement than has ap-
peared so far in this paper, and this integrability requirement will also be significant
in the following section.

Proof of Lemma 4.4. The first inequality in (4.18) is easy since

MSf ≤
∑
m≥0

MSmf ≤
∑
m≥0

(m+ 1)MSmf = Gf.

To see the first inequality in (4.19), for λ > 1, let

cλ =
(∑

m≥0

(m+ 1)2λ′ |Sm|
)1/λ′

,
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and observe this constant is finite because Ω ∈ L(logL)2λ′ . The sum of the har-
monic series of order λ, hλ =

∑
m≥0(m + 1)−λ, is of course also finite. Using

Hölder’s inequality for integrals and sums with exponents λ, λ′, and also observing
that Am

+t(|f |) ≤ A+t(|f |) a.e., we see that

Gf =
∑
m≥0

(m+ 1) sup
t>0

Am
+t(|f |)

≤
∑
m≥0

(m+ 1)2|Sm|1/λ′(m+ 1)−1
{

sup
t>0

Am
+t(|f |λ)

}1/λ

≤
{∑

m≥0

(m+ 1)2λ′ |Sm|
}1/λ′{∑

m≥0

1
(m+ 1)λ

sup
t>0

Am
+t(|f |λ)

}1/λ

≤ cλh
1/λ
λ MS(|f |λ)1/λ,

giving the first inequality in (4.19).
To prove the second inequality in (4.18), recall that for m ≥ 1, 2m−1 ≤ ρ(θ) =

|Ω(θ)|1/d ≤ 2m for θ ∈ Θm, so that for m ≥ 1 and s = t/2m−1,

1
td

∫
|y|<t

|f(x− y)| |Ω(y)|χ
Θm

(
y

|y| ) dy ≤
2md

td

∫
Θm

∫ tρ(θ)/2m−1

0

|f(x− rθ)| rd−1dr dθ

= 2dAm
+s(|f |)(x).

Thus,

MΩf(x) ≤ sup
t>0

1
td

∫
|y|<t

|f(x− y)|dy +
∑
m≥1

sup
t>0

1
td

∫
|y|<t

|f(x− y)| |Ω(y)|χ
Θm

(
y

|y| ) dy

≤ cdMf(x) + 2d
∑
m≥1

sup
t>0

Am
+t(|f |)(x)

≤ cd{Mf(x) +Gf(x)},
giving the second inequality in (4.18). Similarly, for m ≥ 1,

Am
+t(|f |)(x) ≤

1
td

∫
Θm

∫ 2mt

0

|f(x− rθ)| rd−1dr dθ

≤ 2d 1
(2mt)d

∫
|y|<2mt

|f(x− y)| |Ω(y)|χ
Θm

(
y

|y| ) dy,

and when f is the function which is the constant 1, the right side of this inequality
is ≈ 2md|Θm| ≈ |Sm|, so using a Hölder’s inequality argument like the one which
was used to give the first inequality in (4.19), but bounding the m = 0 term by M
as we did above, we get the second inequality in (4.19). This completes the proof
of Lemma 4.4.

We use Lemma 4.4 in the following way. In [W4, Theorem 3 and the Corollary
to Theorem 2] we find that if Ω ∈ Lr(Sd−1) for some r > 1 and if p and w are as
given in any of the cases of part (A) of Theorem 1.6, the maximal operator MΩ
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satisfies the vector-valued inequalities

‖ {∑
j

|MΩfj|q
}1/q ‖p,w ≤ Cp,q,w‖

{∑
j

|fj |q
}1/q ‖p,w,(4.20)

for all q > 1. Since w ∈ Ap for these cases, then using (2.22) we see that the
corresponding inequalities also hold for the Hardy-Littlewood maximal operator
M . This then gives square inequalities for G, that is,

‖ {∑
j

|Gfj |2
}1/2 ‖p,w ≤ Cp,w‖

{∑
j

|fj|2
}1/2 ‖p,w,(4.21)

for the same choices of p and w, since (4.19) and the triangle inequality can be used
to bound the left side of the above inequality by expressions involving MΩ and M .
This gives (4.21) using (4.20) (taking q = 2/λ for λ close enough to 1 in order that
w ∈ Ap/λ) and the vector-valued inequalities for M in (2.22). Using Lemma 4.1,
we then get (1.4) from (4.21), finishing the proof of Theorem 1.6.

5. Further results

In §2 we discussed two-weight Littlewood-Paley theory which so far we have not
used. We use it now in this section to prove various two-weight inequalities for
TΩ. Our principal result is the the following, which may be viewed as a two-weight
analogue of Theorem 1.2.

Theorem 5.1. Suppose Ω ∈ L logL(Sd−1) and has integral 0 on Sd−1. Let 1 <
p <∞ and suppose R is a positive sublinear operator such that the square inequality∫ {∑

j

|Gjfj |2
}p/2

v ≤ Cp,R

∫ {∑
j

|fj|2
}p/2

Rv(5.1)

holds for all weights v. Then for this choice of p and for r, s > 1, there is a constant
C = Cp,r,s,N,R such that∫

|TΩf |pv ≤ C

∫
|f |p{Msv +MrRMsv}(5.2)

holds for all weights v and for all f ∈ S.

Proof of Theorem 5.1. In addition to (5.1), the proof also relies upon appropriate
two-weight square inequalities for M . The inequalities we need are

‖ {∑
j

|Mfj |2
}1/2 ‖p,v ≤ Cp,r‖

{∑
j

|fj |2
}1/2 ‖p,Mrv,(5.3)

for r > 1 and 1 < p < ∞, where we recall that Mrv = M(vr)1/r. To prove this,
first note that it suffices to prove the corresponding inequality with Mrv in place
of v on the left, since v ≤Mrv pointwise a.e. But Mrv is an Ap weight (in fact an
A1 weight by (2.16)), which gives (5.3) by (2.22).

Using the two-weight Littlewood-Paley theory in place of the one-weight theory,
we now show that the proof of Theorem 5.1 follows from the square inequalities (5.1)
and (5.3) in much the same way Theorem 1.2 followed from the square inequality
(1.4) and the square inequality contained in (2.22). Since v ≤ Msv, we see that
(5.2) holds if the same inequality, up to a constant multiple, holds for TΩf +
cΩf . Consequently, it suffices by Theorem 1.1 to find the corresponding two-weight
inequality for

∫∞
0 Atfdt/t. This operator is split into the terms I, II, III for N to

be determined, just as in Theorem 1.2. Again as in the proof of Theorem 1.2, we
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start by assuming the strong cancellation condition (2.29), and we will later make
the passage to the more general cancellation requirement.

For II, we use the identity (2.36) to get∫
Rd

|II|pv ≤ Cp,s

∫
Rd

{∑
j

|GjQ
2
jf |2

}p/2
Msv

≤ Cp,s,R

∫
Rd

{∑
j

|Q2
jf |2

}p/2
RMsv

≤ Cp,r,s,R

∫
Rd

|f |pMrRMsv.

Here, the first inequality is the Littlewood-Paley inequality (2.18) for Q2
j , the second

follows by (5.1) (with Msv in place of v), and the last inequality follows by the
Littlewood-Paley inequality (2.17) for Q2

j . Our arguments for the terms I, III
make essentially the same use of Littlewood-Paley theory and differ only in the
treatment of the intermediate square term.

For the term III, note that by (2.16), if 0 < r < s, then

MrMsv(x) ≤ Cr,sMsv(x)(5.4)

for a.e. x and every v. Where we used (2.40) in the one-weight argument, we will
now use the following two-weight replacement: for any λ > 1 there is an η > 0
depending on λ such that

‖ {∑
j

|QjB
m
s+j−mfj |2

}1/2 ‖p,v ≤ Cp,λ2dm2−ηs‖ {∑
j

|fj |2
}1/2 ‖p,Mλv.(5.5)

To prove this, we first claim that we have the crude inequality

‖ {∑
j

|QjB
m
s+j−mfj|2

}1/2 ‖p,v ≤ Cp,r2dm‖ {∑
j

|fj|2
}1/2 ‖p,MrMsv(5.6)

for exponents s, r > 1 and for 1 < p < ∞. This is obtained by arguing as in
the proof of (2.39), except that we now use the two-weight inequality (5.3) for M
in the two places where we used the corresponding one-weight inequality (2.22).
By choosing s > r and using (5.4) to simplify terms, we may replace the weight
on the right of (5.6) with Msv. Next, as in the proof of (2.40), by interpolating
with change of measures between the resulting inequality and the good unweighted
inequality (2.38) (and replacing vδ with v), we then obtain (5.5) for λ > s.

Using (5.5), we now argue for III as in the proof of Theorem 1.2, using the
Littlewood-Paley inequalities (2.17), (2.18) in place of (2.14), (2.15) and using (5.5)
in place of (2.40). If N is chosen sufficiently large, depending on η, which in turn
depends only on λ and d, this gives∫

Rd

|III|p v ≤ Cp,r,s

∫
Rd

|f |pMrMλMsv.

By choosing r < λ < s, we may again use (5.4) to collapse terms, and we then get∫
Rd

|III|p v ≤ Cp,s

∫
Rd

|f |pMsv.
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For I, since (2.41) holds, we argue as for (2.42) using the two-weight inequalities
for M and the Littlewood-Paley decomposition instead of one-weight inequalities
to get ∫

Rd

|I|p v ≤ Cp,t

∫
Rd

|f |pMrMλMsv

for r, s, λ > 1, and we can again use (5.4) to simplify the weight.
To make the passage from the strong cancellation requirement to the general

case, we again use an argument parallel to the one in the proof of Theorem 1.2. For
general Ω we form the terms I, II and III, but with the modified expressions B̃m

j

in place of Bm
j , and we observe that this allows us to obtain essentially the same

(i.e., up to a constant multiple) bounds for the modified terms I, III that was
obtained for the unmodified terms when the strong cancellation condition holds.

For the term II, let Ej be the difference between the operator Gj defined as a
sum of terms Bm

j and the operator arising from the corresponding sum of modified
terms B̃m

j . This operator is given by convolution with a function obtained from
sums and averages of the characteristic functions of balls centered at the origin.
For our modified II, we have

II =
∑

j

Q2
jGjf −

∑
j

Q2
jEjf

= II1 − II2,

where Gj is the unmodified expression. Then II1 agrees with our original definition
of II and so has the same bound, while for the term II2, we recall from the proof
of Theorem 1.2 that |Ejf(x)| ≤ cN,ΩMf(x), so that we may argue essentially as
for the term I and obtain a similar bound∫

Rd

|II2|pv ≤
∫
Rd

|f |pMsv.

This, combined with the bounds for II1, I and III, then gives (5.2) for the general
case, finishing the proof of Theorem 5.1.

We now will apply Theorem 5.1 to the derivation of various two-weight inequal-
ities. Most of these two-weight inequalities will require additional assumptions
about Ω, but the following result does not.

Theorem 5.2. Let G be the operator given by (4.8), and let G∗ be the correspond-
ing operator formed by replacing Am

+t with its adjoint operator (Am
+t)

∗ for each m.
If Ω ∈ L logL(Sd−1) and Ω has integral 0 over Sd−1, then for p ≥ 2 and r > 1
there is a constant Cp,r so that∫

|TΩf |pv ≤ Cp,r

∫
|f |p{MG∗M(vr)}1/r(5.7)

for all weights v and all f ∈ S.

This result is incomplete in that it only gives two-weight inequalities for p ≥ 2.
Its proof can also be used to show that (5.7) holds for 1 < p < 2 if r > p′, but we
lack sufficient information about Gj and G∗ to obtain the inequality for 1 < p < 2
and r arbitrarily close to 1.

Proof of Theorem 5.2. We begin with the following result.
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Lemma 5.3. For 1 ≤ p <∞ and Ω ∈ L logL, there is a constant Cp,N depending
only on p and the parameter N appearing in the definition of Gj (see (1.3)) such
that ∫

|Gjf |pv ≤ Cp,N

∫
|f |pG∗v(5.8)

for all weights v. For p ≥ 2 and r > 1, there is a constant Cp,N,r such that

‖ {∑
j

|Gjfj|2
}1/2 ‖p,v ≤ Cp,N,r‖

{∑
j

|fj |2
}1/2 ‖p,{G∗(vr)}1/r(5.9)

for all weights v.

Let us assume this lemma for the moment. We will also later show that

Mrv ≤ D−1/r{MG∗M(vr)}1/r a.e.,(5.10)

for r ≥ 1, where D is the constant in (4.9). From Theorem 5.1, this inequality and
Lemma 5.3 then give (5.7) by the following reasoning: first, by (5.9) we have (5.1)
with Rv = {G∗(vr)}1/r, and so we can use Theorem 5.1 for this choice of R and for
s = r > 1. In the inequality that results, we then use (5.10) to simplify the weight
on the right and so obtain (5.7).

Theorem 5.2 is therefore proven once we show Lemma 5.3 and (5.10). We begin
by proving (5.10). In fact we will show that

|f(x)| ≤ D−1G∗f(x) a.e.

if f is locally integrable, from which (5.10) easily follows by picking f = M(vr).
Fix m and f and let x be a Lebesgue point of f . Then, letting S̃m = −Sm,∣∣∣∣f(x)− 1

|tS̃m|

∫
tS̃m

f(x− y)dy
∣∣∣∣ ≤ 1

|tS̃m|

∫
tS̃m

|f(x− y)− f(x)|dy

≤ |Bm|
|S̃m|

(
1

|tBm|
∫

tBm

|f(x− y)− f(x)|dy
)
,

where Bm is the ball of radius 2m centered at the origin, i.e., the smallest ball with
center 0 that contains S̃m. Since x is a Lebesgue point of f , the last expression
tends to 0 as t→ 0. Thus

|f(x)| =
∣∣∣∣ lim

t→0

1

|tS̃m|

∫
tS̃m

f(x− y)dy
∣∣∣∣ ≤ |S̃m|−1 MS̃m

f(x).

Multiplying by (m+ 1)|S̃m| and adding over m, we obtain( ∞∑
m=0

(m+ 1)|S̃m|
)
|f(x)| ≤

∞∑
m=0

(m+ 1)MS̃m
f(x),

i.e., D|f(x)| ≤ G∗f(x), as desired. It remains to prove the lemma.

Proof of Lemma 5.3. To show (5.8), we first show that the case p = 1 follows
by duality and Lemma 4.1. Given a measurable function f and an integer j, if
h = sgnGjf , then∫

Rd

|Gjf |v =
∫
Rd

(Gjf)hv =
∫
Rd

f G∗j (hv) ≤ CN

∫
Rd

|f |G∗v.
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Next, since the operator Gj is given by convolution with a function whose L1

norm CN,Ω is independent of j (see the remarks following (2.28)), then ‖Gjf ‖∞ ≤
CN,Ω‖ f ‖∞, and interpolating between p = 1 and p = ∞ gives (5.8) for all p.

To show (5.9), first take p = 2 and observe that interchanging the order of
summation and integration and using (5.8) gives∫

Rd

∑
j

|Gjfj |2v ≤ C2,N

∫
Rd

∑
j

|fj |2G∗v.

But, as noted before, (4.9) gives G∗v ≤ D1−1/r{G∗(vr)}1/r for any r > 1, so (5.9)
holds if p = 2. For p > 2, given {fj} and v, we can find a nonnegative g ∈ L(p/2)′

with ‖g‖(p/2)′ = 1 for which( ∫
Rd

{∑
j

|Gjfj |2
}p/2

v

)2/p

=
∫
Rd

∑
j

|Gjfj |2 v2/pg.

We use (5.8) for p = 2 as above, followed by Hölder’s inequality with exponents
pr/2, (pr/2)′ for our choice of r > 1 to bound the right side of this expression by

C2,N

∫ ∑
j

|fj |2G∗(v2/pg) ≤ C2,N

∫ ∑
j

|fj|2G∗(vr)2/prG∗(g(pr/2)′)1/(pr/2)′ .

Observation 4.3 tells us that G is bounded on Lp for p > 1, and reflecting in the
origin tells us that the same is true for G∗. Hence, since (pr/2)′ < (p/2)′,

‖G∗(g(pr/2)′)1/(pr/2)′ ‖(p/2)′ ≤ Cp,r‖ g ‖(p/2)′ = Cp,r,

and using this with Hölder’s inequality in the previous bound gives (5.9).

Note. The only reason we require p ≥ 2 in Theorem 5.2 is because it is only in
this range that we are able to show the square inequality (5.9). In order to use the
argument corresponding to the derivation of (5.3) for 1 < p < 2, we would need an
appropriate two-weight inequality for G.

We have so far considered only those inequalities that we are able to prove in
the minimal integrability case. By assuming a greater degree of integrability of Ω,
we can prove (5.7) for 1 < p < 2, as well as some other inequalities of interest.
These will involve the maximal operators MS and MΩ defined in §4. The degree of
integrability we assume is the amount appearing in Lemma 4.4.

Theorem 5.4. Suppose Ω ∈ L(logL)γ(Sd−1) for each γ > 0 and that Ω has inte-
gral 0. Then (5.7) holds for 1 < p <∞ and r > 1.

Also, for 1 < p <∞ and r > 1, TΩ satisfies the two-weight inequalities∫
Rd

|TΩf |pv ≤ Cp,r

∫
Rd

|f |p{MM−SM(vr)}1/r,(5.11)

∫
Rd

|TΩf |pv ≤ Cp,r

∫
Rd

|f |p{MMΩ̃M(vr)}1/r,(5.12)

for all weights v, where S is the starlike set associated with Ω, and Ω̃(x) = Ω(−x).
Proof of Theorem 5.4. Using Lemma 4.4, (or rather its analogue for G∗, M−S and
MΩ̃) we see that (5.11) holds for some choice of p, r > 1 whenever (5.7) holds for
the same p and a lesser choice of r > 1. The same is also true for (5.12), but the
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reasoning is more intricate. If (5.7) holds for some p, r > 1, then from Lemma 4.4
we get, for λ > 1,∫

|TΩf |pv ≤ Cp,r

∫
|f |p{MMM(vr) + [MMΩ̃M(vrλ)]1/λ}1/r.(5.13)

First, by Hölder’s inequality and multiple use of (2.16), we have {MMM(vr)}1/r ≤
crMrλv for λ > 1. We claim that for any function f ∈ L1

Loc, Ω ∈ L1(Sd−1) and
τ ≥ 1, we have

|f(x)| ≤ cd,Ω,τMΩ

(|f |τ )(x)1/τ a.e.

Assuming this for the moment, we obtain (using f = Mrλ v and τ = rλ)

Mrλv ≤ c[MΩ̃M
(
vrλ
)
]1/rλ ≤ c[M MΩ̃M

(
vrλ
)
]1/rλ a.e.,

so that in (5.13) we may replace the weight on the right side with the weight
{MMΩ̃M(vrλ)}1/rλ, for r, λ > 1, which gives (5.12).

To prove the claimed inequality, it is enough to prove the case τ = 1 as the
case τ > 1 then follows by Hölder’s inequality, which can be seen to give MΩ

(
f
) ≤

‖Ω ‖1−1/τ
1 MΩ

(|f |τ)1/τ . For the case τ = 1, define ΩR(y) = Ω(y) if |Ω(y)| ≤ R and
ΩR(y) = 0 otherwise. Let Bt be the ball of radius t centered at 0. Then if we define

ct =
1
|Bt|

∫
Bt

|ΩR(y)|dy,

we see whenever x is a Lebesgue point of f that∣∣∣∣∣∣ctf(x)− 1
|Bt|

∫
Bt

f(x− y)|ΩR(y)|dy
∣∣∣∣∣∣ ≤ 1

|Bt|
∫
Bt

|f(x− y)− f(x)| |ΩR(y)| dy

≤ R

|Bt|
∫
Bt

|f(x− y)− f(x)| dy

→ 0 as t→ 0.

Since

ct =
1
|Bt|

∫ t

0

rd−1 dr

∫
Sd−1

|ΩR(θ)| dθ = cd‖ΩR ‖1,

we obtain a.e.

|f(x)|cd‖ΩR ‖1 ≤ sup
t>0

1
|Bt|

∫
Bt

|f(x− y)| |ΩR(y)| dy

= MΩR

(|f |)(x) ≤ MΩ

(|f |)(x).
Now letting R→∞, we get the desired estimate

|f(x)|cd‖Ω ‖1 ≤ MΩ

(|f |)(x) a.e.

Consequently, all of Theorem 5.4 follows once we show that (5.7) holds for all p,
r > 1. But this is true for p ≥ 2 by Theorem 5.2, so it only remains to prove (5.7)
for 1 < p < 2. We will do this by an inductive argument which recursively improves
the exponent r. This argument is an adaptation of a bootstrapping argument of
[HW]. Specifically, we will show
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Lemma 5.5. If Ω ∈ L(logL)γ(Sd−1) for all γ > 0 and the inequality∫
Rd

(
MSf

)p
v1/r ≤ Cp,r

∫
Rd

|f |p{MG∗Mv
}1/r(5.14)

holds for all f and all v, for some exponents p = p0, r = r0 satisfying 1 < p0 < 2
and 1 < r0 ≤ ∞, then (5.14) also holds for all f , all v, and all p, r satisfying
p0 < p < 2 and r > r1 = r1,p, where 1

r1,p
= 1

r0
+ p

2

(
1− 1

r0

)
. Additionally, if Ω has

integral 0, then also ∫
Rd

|TΩf |pv1/r ≤ Cp,r

∫
Rd

|f |p{MG∗Mv}1/r(5.15)

for all f ∈ S, v and for p, r in the same range.

If Ω ∈ L logL(Sd−1), then by (4.18) and Observation 4.3, we know MS is
bounded on Lp for all p > 1, and so we know (5.14) for r0 = ∞. Consequently,
if Ω ∈ L(logL)γ(Sd−1) for all γ > 0, then the lemma give (5.15) and (5.14) for
1 < p < 2 and r > r1 = 2/p, and we can then use the lemma inductively to obtain
(5.15) and (5.14) for 1 < p < 2 and r > rk defined recursively from r0 = ∞ by

1
rk+1

= 1
rk

+ p
2

(
1− 1

rk

)
. Now, rk ↘ 1, so (5.15) holds for any exponent r > 1.

Replacing v with vr, we obtain (5.7) for 1 < p < 2, r > 1, which then gives the
remaining part of Theorem 5.4.

Proof of Lemma 5.5. Note that if Ω ∈ L(logL)γ(Sd−1) for all γ > 0 and if MS

satisfies a norm inequality, say

‖MSf ‖p,u ≤ c‖ f ‖p,v,

then by (4.19), G satisfies the norm inequality

‖Gf ‖q,u ≤ cq‖ f ‖q,v,

for q > p. Consequently, if the hypothesis of Lemma 5.5 is satisfied, then we also
have ∫

Rd

|Gf |pv1/r0 ≤ Cp,p0,r0

∫
Rd

|f |p{MG∗Mv}1/r0(5.16)

for all p > p0, and since supj |Gjfj| ≤ cNG(supj |fj |) by Lemma 4.1, then (5.16)
gives ∫

Rd

(
sup

j
|Gjfj |

)p
v1/r0 ≤ C

∫
Rd

(
sup

j
|fj |
)p{MG∗Mv}1/r0.(5.17)

But by (5.8), interchanging the order of summation and integration gives∫
Rd

∑
j

|Gjfj |pv ≤ CN,p

∫
Rd

∑
j

|fj |pG∗v.

≤ CN,p

∫
Rd

∑
j

|fj |pMG∗Mv.

(5.18)
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When p < 2 we may then interpolate with change of measures (see the comments
following Theorem [SW1] in section 2) between (5.17) and (5.18) to get∫

Rd

{
∑

j

|Gjfj |2}p/2v1/r1 ≤ CN,p

∫
Rd

{
∑

j

|fj |2}p/2{MG∗Mv}1/r1(5.19)

for r1 as given in the lemma. But (5.19) is the inequality (5.1) of Theorem 5.1 with
Rv = {MG∗M(vr1)}1/r1 and with v1/r1 in place of v, so by Theorem 5.1,∫

|TΩf |pv1/r1 ≤ C′
∫
|f |p

{
Ms(v1/r1) +Mλ

{[
MG∗MMs/r1(v)

]1/r1}}
if λ, s > 1. Choosing λ < r1 and s > r1, we may use (5.4) and (5.10) to collapse
and consolidate terms, giving∫

|TΩf |pv1/r1 ≤ C′′
∫
|f |p{MG∗Ms/r1v}1/r1 .

Replacing v with vr1/s and using Hölder’s inequality with exponent s/r1 for G∗

(see (4.9)) and a similar fact for M then gives (5.15) for r = s > r1.
To finish the proof of Lemma 5.5, we must show (5.14) for the range of p, r given

in the conclusion. We will prove (5.14) by reducing the derivation of the maximal
operator inequality to the corresponding inequality for a family of singular integral
operators that behave essentially like TΩ. We start with the elementary observation
that MS can essentially be reduced to a discrete operator which satisfies the same
estimates as MS . If t > 0 and j is such that 2j−1 ≤ t ≤ 2j, then we easily see that

2−dA+2j−1 (|f |) ≤ A+t(|f |) ≤ 2dA+2j (|f |),
so that

2−d sup
j∈Z

∣∣A+2jf
∣∣ ≤ MSf ≤ 2d sup

j∈Z
A+2j (|f |).

Therefore, any norm bounds for MS are comparable to the corresponding norm
bounds for the positive operator

A∗f = sup
j∈Z

∣∣A+2jf
∣∣.

Similarly, G and G∗ are comparable to the corresponding operators having the
supremum taken over the sequence {2j : j ∈ Z} instead of {t > 0}. We can also
describe discrete versions of {Gj}j∈Z by

Gd
jf(x) =

∑
m≥0

0≤s≤Nm

Am
+2s+j−mf(x),

but since we defined Gj in terms of the signed averages At, we do not have compa-
rability between the continuous and discrete versions.

Let φj(x) = 2−djφ(2−jx) for φ a smooth, compactly supported, nonnegative
function with integral 1, and define operators

Djf = A+2jf − |S| · φj ∗ f,
Dm

j f = Am
+2jf − |Sm| · φj ∗ f.

Roughly speaking, the terms A+2j , Am
+2j correspond to Bj , Bm

j , respectively, and
the terms Dj , Dm

j correspond to the terms B̃j B̃
m
j , respectively, which we used

in the general cancellation case. Specifically, Dj , Dm
j annihilate constants, and in
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fact satisfy essentially (i.e., up to a constant multiple) the same size and Fourier
transform conditions, respectively, as do the terms B̃j and B̃m

j from the proof of
Theorem 1.2. Consequently, by repeating all of our earlier arguments for the general
cancellation case (and observing that Gd

j now occurs everywhere in place of Gj),
we see that the singular integral operator

Tf =
∑
j∈Z

±Djf =
∑
j∈Z

±
∑
m≥0

Dm
j f

satisfies (up to a constant multiple) the norm inequality (5.15), with operator
norm which is bounded by a constant independent of the choice of signs ±. By
a Rademacher function argument, the same norm inequality (up to a constant
multiple) is also satisfied by the operator

Sf(x) =
{∑

j∈Z

|Djf(x)|2}1/2
.

But since supj |φj ∗ f | ≤ cMf and supj |Djf | ≤ Sf , the triangle inequality gives

MSf ≤ Sf + cMf,

and as M satisfies the norm inequality in question, then so does MS , that is, (5.14)
holds in the desired range. This finishes the proof of Lemma 5.5 and Theorem
5.4.

The idea used above of deriving norm inequalities for MS from corresponding
inequalities for singular integrals resembling TΩ can also be applied to our earlier
singular integral results. The consequences are sumarized in the following result,
which is of interest in its own right.

Theorem 5.6. If we no longer require
∫
Sd−1 Ω = 0 and if we use the discrete

operators {Gd
j} in place of {Gj}, then Theorems 1.2–1.6 and Theorems 5.1, 5.2

also hold (up to a constant multiple) for MS in place of TΩ. Wherever G or G∗

appears we may use either the continuous or discrete version.

Some of the inequalties for MS which result from this theorem are not as good
as ones already proved in [CWW], but others are new. However, all of the square
inequalities resulting from this theorem are new.

Alternative proof of Theorem 1.6 (A). Throughout the proof we take 1 < r ≤ ∞
and Ω ∈ Lr(Sd−1) with integral 0. In order to prove that the square inequality
(1.4) holds for the cases (1)–(3) for some given r, it suffices to show that it holds
for the case p > r′ and w ∈ Ap/r′ , that is, for all but the endpoint case of (1). This
suffices by arguments used in [KW1], which we will only briefly outline. First, the
square inequality for the case p = r′ of (1) follows by interpolation between the
inequality for p > r′ and the unweighted square inequality for 1 < p < r′, using
the fact that w1+ε ∈ Ap whenever w ∈ Ap. Since T ∗Ω belongs to the same class of
operators, we then get (1.4) for case (2) by duality. Lastly, (1.4) for the cases (1)
and (2) together gives (1.4) for the case (3) using Jones’ factorization theorem [J]
and an interpolation argument, exactly as was used in [KW1], except that now we
are interpolating `2-valued operators.

The same argument, reversing the roles of (1) and (2), shows that for any given
r it also suffices to instead prove that (1.4) holds for the case 1 < p < r and
w−p′/p ∈ Ap′/r′ .
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In order to prove the needed inequalities, we first claim that for all f we have
the pointwise inequality

Gf(x) ≤ CΩ,r,λMλf(x), for λ > r′.(5.20)

This follows by using Lemma 4.4 and the simple Hölder’s inequality estimate

MΩf(x) ≤ ‖Ω ‖rMr′f(x).

Alternatively, since Sm is contained in a ball of radius 2m, Hölder’s inequality gives

MSmf(x) ≤ 2md/λ|Sm|1−1/λMλf(x)

for λ ≥ 1, and since

|Sm| = d−1

∫
{

θ∈Sd−1:2m−1<ρ(θ)≤2m
} |Ω(θ)|dθ

≤ 1
2(m−1)(r−1)d

∫
Sd−1

|Ω(θ)|rdθ,

then if λ > r′ we have

MSmf(x) ≤ cΩ,r,λ2−εmMλf(x)

for ε = d[(r − 1)(1 − 1/λ)− 1/λ] > 0. This inequality, inserted into the definition
of G, then gives (5.20).

Using (5.20) and (2.22), we therefore have

‖ {∑
j

|Gfj |q
}1/q ‖p,w ≤ Cp,q,w‖

{∑
j

|fj|q
}1/q ‖p,w,(5.21)

for p, q > r′ and w ∈ Ap/r′ (we first have these inequalities with λ in place of r′, but
since we may choose λ as close to r′ as we wish, the by-now familiar open weight
argument gives what we have stated). Consequently, if r > 2 we may take q = 2 in
(5.21) and use Lemma 4.1 to see that (1.4) holds for p > r′ and w ∈ Ap/r′ , so that
we are done by the argument at the beginning of the proof.

It remains to derive the desired square inequalities when 1 < r ≤ 2, which
we do using Theorem 5.6 and the comments preceding the proof of Lemma 5.5.
These give (5.7) for p > 1 with MS in place of TΩ. (We note that the r which
appears in (5.7) is different from the present r, which is the same as in (5.20).)
Since Hölder’s inequality and (5.4) show that MsMv ≤ MsMs′v ≤ cs,s′Ms′v for
s′ > s ≥ 1, then we easily observe from (5.20) and another application of (5.4) that
MG∗Mv ≤ cMλv pointwise for λ > r′. Consequently, by Lemma 4.4 we have∫

Rd

|Gf |p v ≤ C

∫
Rd

|f |pMλv, p > 1, λ > r′

for all weights v. Since Mλ is bounded on Lp(w) for p > λ and w ∈ Ap/λ, Hölder’s
inequality applied to the right-hand side of the inequality above gives∫

Rd

|Gf |p v ≤ C

{ ∫
Rd

|f |pq w

}1/q{ ∫
Rd

|Mλv|q′ w−q′/q

}1/q′

≤ C‖ f ‖p
(pq),w‖ v ‖q′,w−q′/q ,
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provided q′ > λ and w−q′/q ∈ Aq′/λ, for any λ > r′. By a duality argument, that
is, by taking the supremum over all v with ‖ v ‖q′,w−q′/q ≤ 1, we obtain∫

Rd

|Gf |pq w ≤ C

∫
Rd

|f |pq w

for p > 1, q′ > λ > r′ and w−q′/q ∈ Aq′/λ. We may choose p as close to 1 and λ as
close to r′ as we wish, so by another open-weight argument we get∫

Rd

|Gf |p w ≤ C

∫
Rd

|f |p w, 1 < p < r, w−p′/p ∈ Ap′/r′ .

This gives the square inequalities for such p, r, and w by an earlier argument; i.e.,
for such p, r, and w we have (5.21) for q = p and q = ∞ by this inequality and
the positivity of G, and since 1 < p < r ≤ 2, interpolation gives (5.21) for q = 2.
Lemma 4.1 then implies (1.4) for p, r, and w as above, and as we noted near the
beginning of the proof, this suffices to give (1.4) for all of parts (1)–(3), so we are
done.
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